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Abstracts
In this thesis, we study a class of special Lagrangian submanifolds of toric Calabi-
Yau manifolds and construct their mirrors using some techniques developed in the
SYZ programme.
It is conjectured in Aganagic-Vafa [2] that such pair of Lagrangian subspace and
Calabi-Yau manifold is mirror to a certain complex subvariety. It is also conjectured
in Ooguri-Vafa [34] that the counting of holomorphic discs is encoded in the mirror
side, namely, by equating the open Gromov-Witten generating function with the
Abel-Jacobi map on the mirror side up to a change of variables by the mirror map.
We present a justification on the conjecture on the mirror construction of D-
branes in Aganagic-Vafa[2]. We apply the techniques employed in Chan-Lau-Leung
[8] and Chan[6], which give the SYZ mirror construction for D-branes. Recently,
Chan-Lau-Leung[8] has given an explicit mirror construction for toric Calabi-Yau
manifolds as complex algebraic varieties. Inspired by the SYZ transformation of
D-branes in Leung-Yau-Zaslow[29], Chan[6] has defined a generalised mirror con-
struction for a larger class of Lagrangian subspaces, which is important to our
situation.
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More specifically, we investigate mirrors of D-branes of Aganagic-Vafa type.
According to a recent paper, Fang-Liu [17] has given a proof to the mirror conjecture
on the disc counting problem and Cho-Chan-Lau-Tseng [7] has described explicitly
the enumerative meaning of the inverse mirror map. These recent results enable us
to derive explicit formulas for such mirror branes.
The results point towards a need for further quantum correction of the SYZ
transform for Lagrangian subspaces in order to recover physicist’s mirror prediction
of counting holomorphic discs in Ooguri-Vafa [34]. When compare to physicists
prediction of the Aganagic-Vafa mirror branes, such naive SYZ transform fails to
coincide with the prediction. The main reasons lies in the fact that the SYZ transfor-
mation does not capture open Gromov-Witten invariants of the A-brane. Through
the special case of Aganagic-Vafa A-branes, we are able to modify the SYZ trans-
form that involves further quantum correction using discs counting of the A-brane.
However it is not known how such a modified SYZ transform can be constructed
and works in general. We believe that the explicit formulas and computations in the
special case we consider here can give hints to the correct modification in general
in future development of the SYZ programme.
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摘要
在本論文中，我們研究環面 Calabi-Yau 流形中的某類特殊
Lagrangian 子流形，我們更使用 SYZ 最近期的發展和技術來構建
它的鏡對稱模型。
跟據 Aganagic-Vafa[2]的猜想，這對 Lagrangian子空間和Calabi-
Yau 流形的鏡子模型能表示成某個代數複簇。另外，物理學家
Ooguri-Vafa[34]　也提出了一個關於鏡對稱的推測，就是說全純
光盤的計算，可通過它的開放 Gromov-Witten 函數與鏡子中的
Abel-Jacobi 函數的等式，而得知其數據。
我們會提出 Aganagic-Vafa 鏡膜猜想[2]的數學跟據。以 D-膜的
SYZ 鏡建設概念，我們會使用於 Chan， Lau 和 Leung [8, 6]　中
的技巧。 在近期的鏡對稱發展，Chan， Lau 和 Leung[8] 對於環
面 Calabi-Yau 代數複簇提出了一個明確的 SYZ 鏡面構作。 透過
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Leung， Yau，Zaslow為D-膜進行 SYZ轉型 [29]所啟發，Chan[6]定
義了一個較為廣義的D-膜鏡模型構作，為更大類的 Lagrangian子空
間構作鏡對稱模型，這技巧對於本文章為非常重要。
更深入地，我們研究 Aganagic-Vafa 類的鏡膜。根據最近刊登的
數學文章，Fang 和 Liu[17] 對於全純光盤的計算問題提出了證明，
另一方面，Cho， Chan，Lau和 Tseng[7]又運算了鏡子函數的反函
數是能以全純光盤的數量表示出來。最後，我們運用這些結果，得
出了Aganagic-Vafa鏡膜代數複簇的定義公式。
以上的結論指出我們應對 SYZ 的 D-膜構作作進一步的量子修
正，其構作應與物理學家 Ooguri-Vafa 對其 D-膜的推測的結果為一
樣。當與物理學家對 Aganagic-Vafa 鏡膜的預測進行比較時，未修
正的 SYZ 鏡膜構作未能與物理學家所預測一致。主要的原因在於
該 SYZ 轉型未有包含A-膜的開放 Gromov-Witten 不變量數據在其
中。在 Aganagic-Vafa A-膜這特殊情況下，我們可以修改 SYZ 鏡膜
構作，透過涉及到 A-膜全純光盤的計算來對 SYZ 鏡膜構作作進一
步量子修正。雖然現未能得知到，用這方法去修正的 SYZ 鏡膜構
作能否在更一般情況下仍然能成功運用。我們認為，在本文章中所
討論的 Aganagic-Vafa D-膜計算中，應能為 SYZ 未來的發展給予一
些提示及指引如何去正確地修改一般情況下 SYZ 的 D-膜構作。
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Chapter 1
Introduction
1.1 Background
Mirror symmetry is a surprising duality between pairs of Calabi-Yau manifolds
which began as a phenomenon in string theory since 1980’s. This suggests that
Calabi-Yau manifolds should come in pairs. According to string theory, the world
we are living in is a 10-dimensional manifold of the form R3,1×X6CY where X
6
CY is a
compact Calabi-Yau manifold of complex dimension 3. String theorists also suggest
that physical phenomena in R3,1×X is exactly the same as that in R3,1×X∨ if X
and X∨ are mirror to each other. In other words, computations on one-side can be
done on the mirror side which makes mirror symmetry a fundamental and powerful
computational tool in string theory. Moreover, such mirror pairs (X,X∨) exhibit an
exchange of Hodge numbers, that is, h1,1(X) = h1,2(X∨) and h1,2(X) = h1,1(X∨).
Using string theory as guidelines, geometers would like to understand the philosophy
and the mathematics underlying such unexpected phenomenon of mirror symmetry.
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There are two principal approaches towards understanding the geometry under-
lying mirror symmetry, namely, Kontsevich’s homological mirror symmetry (HMS)
conjecture [26] in 1994 and the Strominger-Yau-Zaslow (SYZ) conjecture [36] in
1996.
We briefly describe the statement of HMS conjecture which is expressed in the
language of categories. Suppose we have a pair of Calabi-Yau manifolds (X, Xˇ)
which are mirror to each other. Let X be equipped with a symplectic structure
ω and a complex structure J , and Xˇ with (ωˇ, Jˇ). Mirror symmetry suggests that
ω should determine Jˇ and vice versa ωˇ should determine J . Therefore Kontsevich
proposed the HMS conjecture that the symplectic geometric data of (X,ω) and
complex geometric data of (Xˇ, Jˇ) are exchanged under an equivalence of categories
as follows:
Conjecture 1.1 (HMS). There is an equivalence of (triangulated) categories be-
tween the derived Fukaya category DFuk(X) of the symplectic manifold X with
symplectic structure ω and the derived category DbCoh(Xˇ) of the complex manifold
Xˇ with complex structure Jˇ , that is,
DFuk(X,ω) ≃ DbCoh(Xˇ, Jˇ).
On the other hand, the SYZ conjecture describes the phenomenon of mirror
symmetry via more geometric construction. In 1996, inspired by new development
in string theory, Strominger, Yau and Zaslow proposed that mirror symmetry is
nothing but a T-duality, short for duality of torus. Comparing to the HMS con-
jecture, the SYZ conjecture is a more constructive and more geometric approach
towards understanding the geometry of mirror symmetry.
Conjecture 1.2 (SYZ). Both X, Xˇ admit special Lagrangian torus fibrations over
2
the same base B:
X Xˇ
µց ւ µˇ
B
such that regular fibers µ−1(b) ⊂ X and µˇ−1(b) ⊂ Xˇ over the same base b ∈ B
are dual tori. Moreover, there exist a Fourier-type transformation which exchanges
symplectic geometric and complex geometric data between X and Xˇ.
Dirichlet branes ( simply D-branes ) are important objects well-studied by string
theorists. In string theory, as suggested by its name, point particles in classical
physics are now viewed as strings of energy propagating through our ten dimensional
world R3,1×X . As we consider open strings, its endpoints are required to lie on a D-
brane. D-brane refers to the boundary condition that the endpoints have to satisfy
which is also known as the Dirichlet boundary condition. Mathematically speaking,
D-branes are special Lagrangian submanifolds in the A-model of topological string
theory which we call A-branes. In the B-model of topological string theory, D-branes
are complex submanifolds of a Calabi–Yau together with additional data that arise
physically from having charges at the endpoints of strings which we denote it as
B-branes. In the language of HMS, A-branes are objects in the Fukaya category and
B-branes are objects in the derived category of coherent sheaves. On the other hand,
in the setting of SYZ conjecture, we expect to have a Fourier-type transformation
FSY Z which carries an A-brane on one side to a B-brane on the mirror side as
described in [29, 4, 6].
We now describe the problem that motivates the work of this thesis. We all agree
that to reach proofs of both conjectures are still miles and miles away. However,
in some special examples, such as the situation considered by Aganagic and Vafa
in [2, 17], we can ask whether these conjectures can be verified. With the SYZ
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transform FSY Z explicitly defined as in [29, 4, 6] and a clear understanding of the
mirrors of Aganagic-Vafa A-branes LAV as in [2, 17], a natural question is raised:
Question 1.3. Does the SYZ transformation FSY Z transforms the Aganagic-Vafa
A-brane LAV into the desired mirror B-brane that matches the physicists’ prediction?
In this thesis, we will answer this question and give a comparison between ex-
plicit expressions of the (naive) SYZ mirror and the predicted mirror. We first begin
with an overview of the main results.
1.2 Main results
In this thesis, three main results will be presented. Throughout the thesis, we
apply the SYZ principles to certain A-model X and A-brane L. By A-models and
A-branes, we mean symplectic manifolds and Lagrangian submanifolds respectively.
Moreover, we give special attention to Aganagic-Vafa A-branes in toric Calabi-Yau
threefolds as in [2, 17, 28]. And we are interested in the mirror construction of
A-branes via the SYZ proposal which we expect to recover physicists’ predictions.
First of all, we survey the SYZ construction of the B-model X∨ as a variety over
the complex number field C to obtain our first result which is the computation ofX∨
via the SYZ construction as in [8]. The SYZ proposal suggests that mirror symmetry
is nothing but torus duality. By applying SYZ to toric Calabi-Yau manifolds X∆
equipped with the Gross fibration µG, we obtain the semi-flat mirror as some moduli
M0 of Lagrangians fibers LG with a connection∇ together with a naturally attached
complex structure, the semi-flat complex structure J0. To construct the mirror
X∨, we modify (M0, J0) via symplectic information of the A-model and A-brane,
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namely the open Gromov-Witten invariants nβ ’s for β ∈ H2(X,L;Z). After all the
procedures of the SYZ program, we obtain the desired mirror X∨ as a complex
variety defined by the following equation:
uv = W (z0, ..., zn−1) := (1 + δ0) +
n−1∑
i=1
(1 + δi)zi +
m−1∑
i=n
(1 + δi)Qi−n+1
n−1∏
j=1
z
<v∗j ,vi>
j
where δ0, ..., δm−1 are open Gromov-Witten generating functions of SYZ fibers de-
fined in (25), Q1, ..., Qm−n are the complexified Ka¨hler parameters and the v0, ..., vm−1
are the rays that generate the fan Σ = Σ(∆).
Remarks 1.4. According to the physical literature [25], it is predicted based on phys-
ical consideration that the mirror of the toric Calabi-Yau manifold X∆ is same as
what we have computed above except that they ignored all the open Gromov-Witten
generating function δ0, ..., δm−1 = 0 although the physicists realized that ”quan-
tum correction” terms are needed. According to the SYZ consideration, we now
understand how the ”quantum correction” is expressed in terms of open Gromov-
Witten invariants of the A-side which is given explicitly by the generating functions
δ0, ..., δm−1.
Secondly, we apply the SYZ transformation as appeared in [6] to certain A-
branes (L,∇) of Xn∆ to obtain the second result that the mirror L
∨
SY Z can be
computed explicitly which is stated in Theorem 3.26 and Definition 3.27. Suppose
that we now focus on certain A-branes (L,∇) in Xn∆ which is constructed using
charges l(1), ..., l(k) ∈ Zm together with some constants exp(c(1)+iφ(1)), ..., exp(c(k)+
iφ(k)) ∈ C×. In Chan [6], the author gave a definition of the SYZ transformation of
A-branes which generalized that of Leung, Yau and Zaslow in [29]. We directly apply
such SYZ transformation to our A-brane (L,∇) and we obtain that the (naive) SYZ
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mirror B-brane as a subvariety in X∨ which is given by the following equations:
m−1∏
j=1
z
−l
(a)
j
j = exp(c
(a) + iφ(a)) , for a = 1, ...k
where zi = zi(z1, ..., zn−1) = Qi−n+1
∏n−1
j=1 z
<v∗j ,vi>
j for i = n, ..., m − 1, and l
(a) =
(l
(a)
0 , ..., l
(a)
m−1) ∈ Z, ∀a = 1, ...k.
Remarks 1.5. According to the physical literature [2, Chapter 3.1], it is expected
and predicted that the mirror brane L∨ for certain Lagrangian A-brane L ⊂ X∆ is
exactly defined by the above equations which we derived based on SYZ considera-
tion. In other words, the SYZ construction has verified physicists’ predictions for
such A-branes. Moreover, the term exp(iφ(a)) ∈ U(1) is considered as a phase term
which can be combined with exp(c(a)) to give it an imaginary part. However, the
SYZ consideration shows us that the phase term exp(iφ(a)) is not arbitrary and has
a geometric meaning which represents a choice of a flat U(1)-connection ∇ over L.
Furthermore, the SYZ construction provide us more information of the mirror than
we need, that is a holomorphic U(1)-connection ∇ˇ over L∨ which we have not used
yet in this thesis.
Remarks 1.6. Although the defining equations of the SYZ mirror subvariety recovers
the physicists prediction, such SYZ mirror subvriety does not necessarily give the
correct mirror which we will see in the special case of Aganagic-Vafa A-branes. For
this reason we will denote it by L∨naive, the naive SYZ mirror brane. The key reason
for the failure is due to the fact that the SYZ construction have not yet captured
the information of the holomorphic discs bounded by the A-brane itself.
Thirdly, we examine the defining equations of the well-known mirror B-brane
L∨ of Aganagic-Vafa A-branes (L,∇) in toric Calabi-Yau A-model X3∆ of complex
dimension three as described in [2] and obtain our third result by re-expressing
them using just the data of the given toric Calabi-Yau A-model X3∆ and A-brane
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(L,∇) which is stated in Theorem 4.7. In Fang and Liu’s recent paper [17], the
authors successfully proved the mirror prediction described in [34, 28, 2]. On the
other hand, Cho,Chan, Lau and Tseng has proved in [7] that the SYZ mirror map
coincide with the inverse mirror map which encodes the counting of discs bounded
by SYZ fibers. According to physicists prediction in [2], the mirror B-brane L∨ is
given by the 2 equations:
z1 = q0 and z2 = z2(q0)
where q0 ∈ C
× is the open complex structure parameter and z2(−) is the inverse
function of the mirror curve equation W (z1, z2) such that W (q0, z2(q0)) = 0 for any
q0 ∈ C
×. By combining the results of Fang-Liu[17] and Cho-Chan-Lau-Tseng[7],
we compute in terms of A-side data that the mirror B-brane L∨ is given by the
following 2 equations:
z1 = Q0(1 +O(Q1, ..., Qm−n)) and z2 = 1 +O(Q1, ..., Qm−n)
where Q0 ∈ C
× is the open Ka¨hler parameter and Q1, ..., Qm−n ∈ C
× is the closed
Ka¨hler parameters. We refer to Theorem 4.7 for the explicit form of the series. We
observe that the coefficients of the higher order terms involves data of the open
Gromov-Witten invariants which is desired since we would like to know how the
B-brane L∨ depends on the invariants of (X∆, L,∇) on the A-side.
Remarks 1.7. The mirror L∨, being a B-brane subvariety, is expressed in terms of B-
side information which is the complex structure parameters q0, ..., qk and the mirror
curve equation W ∈ C[z±1 , z
±
2 ]. In recent development of mirror symmetry, we are
able to express L∨ solely in terms of the A-side information. The advantage is two-
fold. We now understand how the B-brane L∨ depends on deformation of the triplet
(X∆, L,∇L) on the A-side. In other words, we are able to express immediately
the defining equation of the B-brane L∨ once we are given all the open Gromov-
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Witten invariants nβ and (open/closed) Ka¨hler parameters Q0, ..., Qm−n of certain
(X∆, L,∇L). And also, we are now able to compare L
∨ with SYZ transformation
of (L,∇) since we notice that the (naive) SYZ mirror brane is expressed in terms
of A-side information only. Hence we can verify or modify the SYZ transformation
accordingly.
Finally, we are able to modify the naive SYZ transformation by introducing fur-
ther quantum correction to the SYZ mirror brane construction using the discs count-
ing data of the A-brane. With the defining equations of the predicted Aganagic-Vafa
mirror brane and the SYZ mirror brane at hand, we are able compare them directly.
Unfortunately, they do not coincide as we have expected. However, we observe that
their difference is not too far apart as we compare their defining equations. More
precisely, they coincide up to higher order term. Combing all the results, we are
now ready to define the SYZ mirror construction for D-branes with further quantum
correction which involves the discs counting data of the Aganagic-Vafa A-brane. By
construction, such ’further quantum corrected’ SYZ transformation works well on
Aganagic-Vafa type A-branes. More generally, it would be fascinating to investigate
how well such transformation works in more general cases. This issue will be ad-
dressed in more detail in the last chapter of the thesis together with some comments
on future development.
1.3 Organization
The thesis is organised as follows: In the first chapter, we briefly review the back-
ground of mirror symmetry and overview the main results. In the second chapter,
we survey SYZ construction for toric Calabi-Yau manifolds based on the paper [8].
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In the third chapter, we introduce the SYZ transformation for A-branes and apply it
to certain class of A-branes which was studied in [2] to recover physicist prediction.
In the forth chapter, we compute and compare the predicted mirror of Aganagic-
Vafa A-branes and its naive SYZ transform and therefore we naturally modify the
naive SYZ transform by introducing further quantum correction. Finally, in the
last chapter, we give some possible direction for future development.
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Chapter 2
SYZ mirror symmetry for toric
Calabi-Yau manifolds
Let X be a toric Calabi-Yau manifold. The goal of this chapter is to give a review
on the construction of its mirror X∨ in Chan-Lau-Leung [8] as a variety over C
which is motivated by the SYZ conjecture. According to the famous paper ”Mirror
Symmetry is T-duality” [36] by Strominger, Yau and Zaslow in 1994, the SYZ
conjecture suggests that mirror symmetry is nothing but a duality of torus. First of
all, we discuss the basic idea behind the SYZ program which was well surveyed and
clearly illustrated by Auroux in [5] . Then we construct and study the properties
of the Gross fibration µG on the toric Calabi-Yau X . And finally, we give the
geometric interpretation of the mirror moduli constructed under the SYZ program
which gives us the desired mirror manifold X∨ as a variety over C.
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2.1 T-duality
In this section, we introduce the basic philosophy of the SYZ program, that is
”Mirror symmetry is T-duality”. Naively, the SYZ proposal suggests that the mirror
of a compact symplectic manifold X is the total space of the fiberwise torus-dual
of a special lagrangian fibration
µ : X −→ B,
which can be represented as the quotient
TB
Λ
equipped with a canonical complex structure where Λ ⊂ TB is a lattice sub-bundle.
Geometrically, the mirror can be viewed as a moduli space of pairs (L,∇) where L
is a Lagrangian fiber of µ and ∇ is a flat-U(1)-connection over the Lagrangian L.
First of all, we define the dual of torus and its correspondence with the moduli
of flat-U(1)-connections.
Definition 2.1. Let Λ be a lattice isomorphic to Zn, V := Λ ⊗Z R, and T =
V
Λ
.
We define the dual to T to be
T∨ :=
V ∗
Λ∗
where Λ∗ is embedded in V ∗ by
Λ∗ ∼= {v∗ ∈ V ∗| < v∗, λ >∈ Z, ∀λ ∈ Λ} ⊂ V ∗.
On the other hand, suppose that G y P −→ M be a flat principle G-bundle
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over a smooth manifold M . We have a well-known correspondence between flat
connections and monodromy representation as follows:
Proposition 2.2 (Proposition 1.18 of [1]). Let G y P −→ M be a flat principle
G-bundle over a smooth manifold M . Then
Hom(π1(M), G)
G ←→ {Isomorphism class of flat G bundle over M}
is a one-to-one correspondence.
When we restrict ourself to the trivial bundle case U(1)y T × U(1) −→ T , we
get the following correspondence between the dual torus and some moduli of flat
connections.
Proposition 2.3. Let T = V
Λ
be a torus as above. Then
T∨ ←→ {Isomorphism class of flat U(1) connection ∇ over T} (1)
is a one-to-one correspondence.
Proof. According to Proposition 2.2, we have the one-to-one correspondence
{Isomorphism class of flat U(1) connection∇ over T} ←→ Hom(π1(T ), U(1))
U(1).
Notice that U(1) is an abelian group and π1(T ) is exactly Γ. Hence we have
Hom(π1(T ), U(1))
U(1) = Hom(Γ, U(1)).
It is suffice if we obtain the group isomorphism
V ∗
Γ∗
≃ Hom(Γ, U(1)),
12
since V
∗
Γ∗
is exactly the definition of the dual torus T∨. Consider the group homo-
morphism
f : V ∗ −→ Hom(Γ, U(1))
given by
f(v∗)(γ) = exp(v∗(γ))
for any v∗ ∈ V ∗ and γ ∈ Γ. We then have its kernel computed as
Ker(f) = {v∗ ∈ V ∗|f(v∗)(γ) = 1 ∈ U(1), ∀γ ∈ Γ}
= {v∗ ∈ V ∗|exp(v∗(γ) = 1 ∈ U(1), ∀γ ∈ Γ}
= {v∗ ∈ V ∗|v∗(γ) ∈ 2πZ, ∀γ ∈ Γ}
= Γ∗.
(2)
To see that the map f is surjective, for any h ∈ Hom(Γ, U(1)), and we pick v∗ ∈ V ∗
to be defined by
v∗(v) =
∑
i
viArg0(h(ei))
for any v =
∑
i viei where the e
′
is generates the lattice Γ ∈ V and Arg0(u) ∈
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[0, 2π), ∀u ∈ U(1). Then we have
f(v∗)(γ) = exp(v∗(γ))
= exp(v∗(
∑
i
niei))
= exp(
∑
i
niArg0h(ei))
=
∏
i
exp(Arg0(h(ei)
n
i ))
=
∏
i
h(ei)
n
i )
= h(
∑
i
niei)
= h(γ)
(3)
for any γ =
∑
i niei ∈ Γ, ni ∈ Z. By the first isomorphism theorem, we obtain that
V ∗
Γ∗
≃ Hom(Γ, U(1)). Thus the proof is completed.
Let µ : X −→ B be a special Lagrangian fibration of a compact symplectic
manifold. We define
B0 := {b ∈ B|µ
−1(b) ∼= Tn} ⊂ B
and
X0 := µ
−1(B0).
By a theorem of Duistermaat [16], we have the isomorphism
X0 ∼=
T ∗B0
Λ∗
where Λ∗ is a Z-lattice bundle of the vector bundle T ∗B0 over B0.
According to the SYZ proposal, we are going to define the mirror of X0 and its
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underlying geometric meaning as a moduli connections.
Definition 2.4. Let µ : X −→ B be a special Lagrangian fibration of a compact
symplectic manifold. We define Xˇ0 :=
TB0
Λ
to be the mirror of X0 ∼=
T ∗B0
Λ∗
, that is
X0 ∼=
T ∗B0
Λ∗
SY Z
←→
mirror
TB0
Λ
= Xˇ0 .
According to Proposition 2.3, the mirror geometrically corresponds to a moduli
of connections as follows:
Proposition 2.5. Let µ : X −→ B be a special Lagrangian fibration of a compact
symplectic manifold. Then the SYZ mirror of X0 is
X∨0 :=M0 (4)
where M0 is the moduli space of the pair (L,∇) with L being a regular fiber of µ
and ∇ represents an isomorphism class of flat U(1) connection over the fiber L.
Proof. According to Definition 2.4 and using the result in Proposition 2.3, we obtain
that
X∨0 =
TB0
Λ0
=
⋃
b∈B0
TbB0
Λ0,b
=
⋃
b∈B0
(
T ∗b B0
Λ∗0,b
)∨
=
⋃
b∈B0
{Isomorphism class of flat U(1) connection ∇ over
T ∗b B0
Λ∗0,b
}
(5)
Thus X∨0 =M0 as desired and the proof is competed.
At this moment, we have only constructed the mirror of X0 to be X
∨
0 =M0. In
order to construct the SYZ mirror of X , we will need to compactify X∨0 . We will
15
need some symplectic information about the holomorphic disc counting of (X,ω)
that allow us to define the partially compactified mirror X∨ together with a inte-
grable complex structure attached to it. This procedure will be investigated in later
chapters.
2.2 Toric Calabi-Yau manifolds
We construct Calabi-Yau manifolds, X , by toric data with Calabi-Yau condition,
∆. The manifold X∆ has a canonical symplectic structure (X,ω), by Delzant con-
struction and a canonical complex structure as a scheme over C. The symplectic
and complex structure on X are compatible, therefore X carries a canonical Ka¨hler
structure, (X,ω, J). Calabi-Yau condition on X is equivalent to the Calabi-Yau
condition on the fan. According to some well known results in Toric Geometry [24]
, the two descriptions are equivalent, that is,
(X = X∆ as toric variety)←→ (X = C
m t G as symplectic reduction)
Let Σ be a fan with m rays v0, ..., vm−1 ∈ N := Z
n. We obtain a pair of dual
short exact sequences
0 −→ G
ι
−→Zm
β
−→N −→ 0; (6)
0 −→M
β∨
−→Zm∨
ι∨
−→G∨ −→ 0. (7)
Definition 2.6. Let ∆ = {ν ∈ M : (ν, vi) ≥ −λi∀i} be a polytope. We define
(X∆, ω) as the symplectic reduction of T
m y (Cm, ωstd) by the sub-torus action
G⊗Z R ⊂ T
m at the point ι∨(λ) ∈ G∨ ⊗Z R.
Definition 2.7. Let Σ be a fan. We define XΣ as a toric variety covered by
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Vσ := SpecC[χ
ν : ν ∈ σ∨] running over σ ∈ Σ.
Lemma 2.8. Let Σ be a fan with m rays v0, ..., vm−1 ∈ N := Z
m. We obtain a pair
of dual short exact sequences over R
0 −→ GR
ι
−→Rm
β
−→NR −→ 0; (8)
0 −→MR
β∨
−→Rm∨
ι∨
−→G∨R −→ 0. (9)
Suppose the λ ∈ Rr∨ and t ∈ G∨R such that ι
∨(λ) = t and ∆ = {ν ∈ M : (ν, vi) ≥
−λi∀i}. Then the symplectic toric manifold (X∆, ω∆) is symplectomorphic the sym-
plectic manifold (Cm t GR, ωRed) which is the symplectic reduction of C
m by the
sub-torus action of GR
G
y Cm at the point t ∈ G∨R.
Remarks 2.9. To be more specific, we have
Cm t GR ,
µ−1(t)
GR
= {(z0, ..., zm−1) ∈ C
m|ι∨(r20, ..., r
2
m−1) = t ∈ R
k ∼= GR)
∨
and (θ20, ..., θ
2
m−1) ≡ 0 ∈ R
k(mod GR)}.
(10)
And the map between (X∆, ω∆) and (C
m t GR, ωRed) is given by
β∨
∗
:
µ−1(t)
GR
≃
−→XΣ,
β∨
∗
: Cmσ = SpecC[β
∨(σ)] −→ SpecC[σ] = Vσ
for any σ ∈ Σ, where
X∆ ⊂
⋃
σ
Vσ µ
−1(t) ⊂
⋃
σ
Cmσ and
Cmσ , {(z0, ..., zm−1) ∈ C
m|zi 6= 0 if vi /∈ σ(1)}
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This identification preserves the canonical symplectic structure on them and
thus gives us the desired symplectomorphism, that is,
(X∆, ω∆)
Symplectomorphic
≃ (Cm t GR, ωRed.)
Definition 2.10. A Calabi-Yau manifold is defined to a Ka¨hler manifold with
trivial canonical line bundle.
Lemma 2.11. Let Σ be a fan with r rays v0, ..., vm−1. If there exist u ∈ M such
that(u, vi) = 1 for all i. Then X∆ is Calabi-Yau.
Proof. Notice that KX = O(
∑
iDi), and
Div(χu : X → C) =
m−1∑
i=0
< u, vi > Di =
m−1∑
i=0
Di.
We have that χu can be viewed as a nowhere vanishing chapter on the canonical
line bundle KX . Thus X∆ is Calabi-Yau.
2.3 Gross fibration
In order to perform the SYZ program to the toric Calabi-Yau manifold X∆ we will
need special lagrangian fibration on X∆. Due to a result of Gross and Goldstein
in [21, 20], we construct the Gross fibration µG : X∆ −→ B which is the desired
special lagrangian fibration. In order to perform the SYZ transformation, we first
remove the singular Gross fibers of X before constructing its corresponding mirror.
Moreover, we compute some homology groups of the regular Gross fibers at the end
of this section.
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Firstly, for any toric Calabi-Yau manifold X∆, we define the Gross fibration as
follows:
Definition 2.12 (Gross[21],Goldstein[20]). Let ǫ > 0 and B := M
Ru
× R≥0. We
define the Gross fibration,
µG : X∆ −→ B,
by
µG(x) := ([µ∆(x)], |χ
u(x)− ǫ|2). (11)
Moreover, we denote the first projection of µG by µ
(1)
G : X∆ −→
M
Ru
and the second
projection of µG by µ
(2)
G : X∆ −→ R≥0.
With the definition of Gross fibration above, we are going to compute it by
computing the holomorphic function χu : X∆ −→ C explicitly.
Proposition 2.13. Let 0 −→ M
β∨
−→ Zm
ι∨
−→ G∨ −→ 0 be the dual exact sequence.
Suppose t ∈ G∨ and u = (0, ..., 0, 1) ∈ Zn ∼= M and < u, vi >= 1 for all i =
0, ..., m− 1. Then the holomorphic function χu : Cm t G ∼= X∆ −→ C is given by
χu([z0, ..., zm−1]) =
m−1∏
i=0
zi. (12)
Proof. Recall that the toric variety X∆ can be represented by the symplectic re-
duction of
Cm
µCm−→ (Rm)∨
ι∨
−→ G∨ : zi 7→ |zi|
2 7→ ι∨(|zi|
2)
at t ∈ G∨ which is denoted by Cm t G := µ
−1(t)/GR. Consider the dense open
complex torus (C×)n ⊂ X∆, we have the identification
µ−1(t) ∩ (C×)m
GC
∼
−→ V0 := SpecC[M ] ⊂ X∆
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by the map
(β∨)∗ : (C×), = SpecC[(Zm)∨]−→SpecC[M ] = V0.
According to the definition of χu : X∆ −→ C
∗, the map χu : V0 −→ C
∗ is given
by canonical map SpecC[M ] 7→ SpecC[Zu] since u ∈ M .Notice that β∨(u) =∑m−1
i=0 e
∗
i ∈ (Z
m)∨ since we assume the Calabi-Yau condition that < u, vi >= 1, ∀i =
0, ..., m− 1, we then have
β∨(χu) = χβ
∨(u) = χ
∑m−1
i=0 e
∗
i =
m−1∏
i=0
χe
∗
i .
Hence the map (β∨)∗ is explicitly given by
(β∨)∗[z0, ..., zm−1] =
m−1∏
i=0
zi.
We recall that the subset V0 ⊂ X∆ is a dense and the map χ
u : X0 −→ C is
holomorphic, and hence the map χu extends naturally from V0 to X∆ using the
same explicit form. Thus the proof is completed.
Before we examine the discriminant locus of the Gross fibration and construct
the contractible subset U ⊂ B0, we first give a notation for each face of the polytope
∆.
Definition 2.14. Let ∆ = {ν ∈ M | < ν, vi >≥ −λi, ∀i = 0, ..., m − 1} be a
polytope in M . For each non-trivial index set I ⊂ {0, ..., m− 1}, we define
FI , {ν ∈ ∆| < ν, vi >= λi, ∀i ∈ I}
which is a face in ∂∆ of codimension (|I| − 1).
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We are now ready to describe the discriminant locus of µG as follows:
Proposition 2.15. Let µG : X∆ −→ B as defined above.Then the discriminant
locus of the fibration is
Γ = ∂B ∪ ((
⋃
|I|=2
FI
Ru
)× {|ǫ|2}).
Proof. The critical points of µG is exactly where its differential is not surjective.
Firstly, the critical points of µ
(1)
G is exactly the codimension-2 toric strata of X∆.
Secondly, we consider the map µ
(2)
G : X∆ −→ R≥0 given by µ
(2)
G : x 7→ |χ
u(x)−ǫ|2.We
then obtain the set of critical points of µ
(2)
G , that is Crit(µ
(2)
G ) = {x ∈ X∆|χ
u(x)−ǫ}.
Under the image of µG, we then have
Discriminant locus of µG = µG(Crit(µ
(1)
G ) ∪ µG(Crit(µ
(2)
G ))
= ((
⋃
|I|=2
FI
Ru
)× {|ǫ|2}) ∪ (
M
Ru
× {0})
= ((
⋃
|I|=2
FI
Ru
)× {|ǫ|2}) ∪ ∂B.
(13)
Thus the proof is completed.
In the SYZ proposal, we discard singular Lagrangian fibers. We denote
B0 , B − Γ
which can be viewed as the moduli of regular fibers of µG. Notice that B0 is not a
necessarily a contractible. In order to trivialize the fibration, we define some open
contractible subsets in B0.
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Definition 2.16. Let B0 = B − Γ as defined above. We define
Ui , B0 −
m−1⋃
j 6=i,j=0
(
F{j}
< u >
× {|ǫ|2})
for i = 0, ..., m− 1.
Remarks 2.17. These subsets U0, ..., Um−1 ⊂ B0 have different descriptions such as
Ui = {(b1, b2) ∈ B0|b1 ∈
F{i}
< u >
or b2 6= |ǫ|
2}
Ui = B+ ∪ (
F{i}
< u >
× {|ǫ|2}) ∪ B−
where B+ := {(b1, b2) ∈ B0|b2 ≥ |ǫ|
2} and B− := {(b1, b2) ∈ B0|0 < b2 ≤ |ǫ|
2}. We
observe that U0, ..., Um−1 are contractible open subsets of B0, using which we obtain
trivialization of the Lagrangian fibers.
Without loss of generality, we assume that
U := U0 ⊂ B.
We have the following trivialization of µ−1G (U).
Definition 2.18. Let µG : X∆ −→ B be the Gross fibration and U ⊂ B. Then we
have the trivialization
µ−1G (U)
∼
−→ U × Tn
by the map
x 7→ ([µ∆(x)], (
1
2π
arg(χv
′
1
∗
(x)), ...,
1
2π
arg(χv
′
n−1
∗
(x)),
1
2π
arg(χu(x)− ǫ))),
where v′i := vi − v0 and {v0, v
′
1, ..., v
′
n−1} forms a basis for N with the dual basis
{v∗0, v
′
1
∗, ..., v′n−1
∗} ⊂M .
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Using this trivialization, we obtain the result that almost every regular Gross
fibers are isotopic to each other. Moreover these fibers are isotopic to some moment
map fibers.
Proposition 2.19. Let b0 ∈ B+ ⊂ U ⊂ B0 be fixed and LG,0 := µ
−1
G (b0). Then
for any u ∈ U ⊂ B0 and LG = µ
−1
G (u), we have LG ⊂ X is Lagrangian isotopic to
L∆ ⊂ X for some Lagrangian moment map fiber L∆.
Proof. Let b0 = (b1, b2) and consider the Lagrangian isotopy
Lt := {x ∈ X∆|[µ∆(x)] = b1and|χ
u(x)− tǫ|2 = b2}
for t ∈ [0, 1]. For the case t = 0, we have
L0 := {x ∈ X∆|[µ∆(x)] = b1and|χ
u(x)|2 = b2}
which is the desired moment map fiber denoted by L∆. And for the case t = 1, we
have
L1 := {x ∈ X∆|[µ∆(x)] = b1and|χ
u(x)− ǫ|2 = b2}
which is a regular Gross fiber LG,0. Hence we obtained that
LG,0 ∼ L∆
is Lagrangian isotopic to each other through Lt. On the other hand, the trivial-
ization of µ−1G (U) implies that every fibers LG = µ
−1
G (u) for u ∈ U is isotopic to
LG,0 = µ
−1
G (b0), that is
LG,0 ∼ LG.
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Hence we have the Lagrangian isotopy as desired, that is
LG ∼ LG,0 ∼ L∆.
In the perspective of algebraic topology, we now relate the homology groups
between the isotopic submanifolds, LG and L∆, as follows:
Lemma 2.20. If L0, L1 ⊂ X be isotopic submanifolds, then we have an isomor-
phism between the two long exact sequences, that is
... −−−→ Hp+1(X) −−−→ Hp+1(X,L0) −−−→ Hp(L0) −−−→ Hp(X) −−−→ ...∥∥∥ y≃ y≃ ∥∥∥
... −−−→ Hp+1(X) −−−→ Hp+1(X,L1) −−−→ Hp(L1) −−−→ Hp(X) −−−→ ...
(14)
for any p ≥ 0.
Proof. For each of the submanifolds L ⊂ X , we have the exact sequence of relative
simplicial chains,
0 −→ Cp(L) −→ Cp(X) −→ Cp(X,L) −→ 0
for p ≥ 0. By the zig-zag lemma, we have the long exact sequence
... −→ Hp+1(X) −→ Hp+1(X,L) −→ Hp(L) −→ Hp(X) −→ ...
for p ≥ 0. By assumption, L0 is isotopic to L1. In particular, L0 is isomorphic to
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L1. Hence we have Hp(L0) is isomorphic to Hp(L1) for any p ≥ 0. Hence we have
...Hp+1(L0) −−−→ Hp+1(X) −−−→ Hp+1(X,L0) −−−→ Hp(L0) −−−→ Hp(X)...y≃ ∥∥∥ y≃ ∥∥∥
...Hp+1(L1) −−−→ Hp+1(X) −−−→ Hp+1(X,L1) −−−→ Hp(L1) −−−→ Hp(X)...
(15)
for any p ≥ 0. By the ”theorem of five”, we have an isomorphism between
Hp+1(X,L0) and Hp+1(X,L1) for p ≥ 1. Thus the proof is completed.
In particular, we obtain
H2(X,LG;Z) ≃ Z
m.
for any u ∈ U ⊂ B0 such that LG = µ
−1
G (u). We explicitly denote the ba-
sis of H2(X,LG;Z) to be {β0(LG), ..., βm−1(LG)} which corresponds to the basis
{e0, ..., em−1} of Z
m. under the above isomorphism. Hence we have
H2(X,LG;Z) =< β0(LG), ..., βm−1(LG) > . (16)
These relative 2-cycles will be crucial in describing the complex structure of the
mirror which we will discuss in later section.
2.4 The Mirror Moduli
Mirror symmetry asserts that if (X,X∨) is a mirror pair, then there is a duality
between the symplectic data of (X,ω) and the algebraic complex data of (X∨, J).
In previous chapters, we have constructed X∨0 as a moduli space of connections
M0 from the fibration of X , µ : X −→ B. we can define a complex structure on
25
the mirror moduli. More specifically, we are going construct the semi-flat complex
structure onM0 which comes with it naturally. Furthermore, we are going to define
some complex-valued functions
z˜i :M0 −→ C, ∀i = 0, ..., m− 1
which involves the holomorphic disc counting invariants. We will also compute these
functions explicitly in terms of the semi-flat coordinates and describe some of their
properties. These functions will be important for us to construct the mirror with
”quantum correction” in later sections.
To begin with, let Σ be a fan with r rays v0, ...vm−1 ∈ N , and ∆ be the polytope
associated to Σ, which is given by
∆ = {ν ∈ M | < ν, vi >≥ −λi, ∀i ∈ 0, ..., m− 1}.
Let
µG : X∆ −→ B =
M
Ru
× R≥0
be the Gross fibration of the toric Calabi-Yau manifold. According to the SYZ
mirror construction, we have the mirror of X0 to be X
∨
0 = M0, where M0 is the
moduli space of the pairs (L,∇) with L being a regular Gross fiber and ∇ represents
an isomorphism class of flat U(1) connection on L.
We first define the toric modification of X∆.
Definition 2.21. Let K ∈ R be large enough and ∆ = {ν ∈ M | < ν, vi >≥
−λ, ∀i ∈ 0, ..., m− 1} be a potytope in M . We define
∆(K) = {ν ∈M | < ν, vi >≥ −λi, < ν, v
′
i >≥ −K, ∀i ∈ 0, ..., m− 1}
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where v′i := vi− v0 for i = 1, ..., m− 1. We call (X∆(K), ω
(K)) the toric modification
of (X∆, ω).
Examples 2.22. We have few simple examples such as the toric modification of
KP1,KP2 ,OP1(−1)⊕OP1(−1),...,etc.
In previous chapters, we have defined the Gross fibration of X∆, now we define
the toric modified Gross fibration for X(K) := X∆(K).
Definition 2.23. Let ǫ ∈ C,K ∈ R be large enough and Σ′(1) = {v0, v1, ..., vm−1, v
′
1, ..., v
′
m−1}.
We define
µ
(K)
G : X
(K) −→ B(K) :=
M (K)
Ru
× R≥0
by
µ
(K)
G (x) := ([µ∆(x)]Ru, |χ
u(x)− ǫ|2)
where
M (K) := {ν ∈M | < ν, v′i >≥ −K, ∀i ∈ 1, ..., m− 1}.
Remarks 2.24. Recall that the discriminant locus of µG : X∆ −→ B is Γ ⊂ B. For
the modified Gross fibration µ
(K)
G : X
(K) −→ B(K), its discriminant locus is given
by
Γ(K) := (Γ ∩B(K)) ∪ ∂B(K).
To simplify our notations, we suppress the dependence on K and ǫ for
µ
(K)
G : X
(K) −→ B(K),
we simply denote the modified Gross fibration to be
µ′G : X
′ −→ B′.
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Definition 2.25. Let L ∈ X∆ be a regular Lagrangian torus fiber of the Gross
fibration µG and β ∈ π2(X∆, L) be a relative homotopy class with Maslov index 2.
Suppose M¯k(L; β) denotes the moduli space of stable maps from genus 0 bordered
Riemann surfaces with connected boundary and k boundary mark points respecting
the cyclic order which represent the class β. Then we define the genus zero open
Gromov-Witten invariant nβ by
nβ
def
= ev∗([M¯1(L; β)]
vir) ∈ Hn(L;Q) ≃ Q
where ev : M¯1(L; β) −→ L is the evaluation at the single boundary marked point.
Remarks 2.26. The above definition is well-defined. It was shown in Fukaya-Oh-
Ohta-Ono [19] that the moduli space M¯k(L; β) admits a Kuranishi structure with
virtual dimension n + µ(β) + k − 3 where µ(β) denotes the Maslow index of the
class β. Moreover, a virtual fundamental chain [M¯k(L; β)]
vir can be constructed via
perturbations. The invariant nβ is well-defined due to the fact that [M¯1(L; β)]
vir
can be shown to be a cycle in Hn(L;Q) when the class β is of Maslov index 2.
In order to correct the mirror µ−1G (B0), the open Gromov-Witten invariants with
respect to the Gross fibers LG are the most crucial data. According to a result in
Chan-Lau-Leung [8], the invariants are computed as follows:
Proposition 2.27. Let L = µ′−1G (b1, b2) be a Gross fiber ofX
′ and β ∈ Heff2 (X
′, L;Z).Then
1. for b2 > |ǫ|
2, nβ 6= 0 only when
β = β ′i, ∀i = 1, ..., m− 1
or
β = βi + α, ∀i = 0, ..., m− 1
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where α ∈ Heff2 (X
′,Z) is represented by rational curves of Chern number
zero. Moreover, nβ = 1 when β = β0, β1, ..., βm−1, β
′
1, ..., β
′
m−1.
2. for b2 < |ǫ|
2,
nβ = 1, for β = β0, β
′
1, ..., β
′
m−1.
and
nβ = 0, for β 6= β0, β
′
1, ..., β
′
m−1.
In the modified toric Calabi-Yau manifold X ′, there are some well-studied toric
divisorsD0,D1, ...,Dm−1,D
′
1, ...D
′
m−1 which correspond to the rays v0, v1, ..., vm−1, v
′
1, ..., v
′
m−1 ∈
Σ′(1). In order to define holomorphic function on the mirror moduli, we will need
another set of divisors that is introduced as follows:
Definition 2.28. Let µ′G : X
′ −→ B′ be the toric modified Gross fibration. From
the definition of B′,we observe that ∂B′ = (∂B′)0 ∪ (∂B
′)1 ∪ ... ∪ (∂B
′)m−1 where
(∂B′)0 = {(b1, b2) ∈ B
′|b2 = 0}
(∂B′)i = {(b1, b2) ∈ B
′| < b1, v
′
i >= −K}
for i = 1, ..., m− 1 and the pairing M
Ru
× {v′1, ..., v
′
m−1} −→ R is well-defined.
We define
Di = (µ
′)
−1
(∂B′)i, for i = 0, 1, ..., m− 1
Remarks 2.29. The D0, D1, ..., Dm−1 ⊂ X
′ are divisors of X ′. Notice that these
divisors Di are NOT toric divisors.
We have defined the divisors D0, D1, ..., Dm−1 ⊂ X
′ and the relative homology
classes β0(b), β1(b), ..., βm−1(b), β
′
1(b), ..., β
′
m−1(b) ∈ H2(X
′, (µ′)−1(b);Z) for any b ∈
B′. We now compute the intersection number of these divisors and relative cycles.
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Proposition 2.30. Let
D0, D1, ..., Dm−1 ⊂ X
′,
β0(b), β1(b), ..., βm−1(b), β
′
1(b), ..., β
′
m−1(b) ∈ H2(X
′, (µ′)−1(b);Z)
as defined above. Then the intersection number of the divisors and the relative
cycles are computed and listed as follows:
β ∩D β0 βi β
′
i
D0 1 1 0
Dj 0 0 δij
for i, j = 1, ..., m− 1.
With the results of the intersection numbers, we are going to define r complex
valued functions on the mirror moduli M′0, which is the moduli space of the pair
(L,∇) with L ⊂ X ′ being a regular fiber of µ′ and ∇ represents an isomorphism
class of flat U(1) connection over the fiber L.
Definition 2.31. Let K ∈ R be fixed and µ′G : X
′ −→ B′ be the modified Gross
fibration andM′0 be the mirror moduli of X
′
0. We define
Zβ :M
′
0 −→ C (17)
: (L,∇) 7−→ Zβ(L,∇) := exp(−
∫
β
ωX′)Hol∆(∂β) (18)
which is called the semi-flat complex coordinates for each β ∈ H2(X
′, L;Z). For
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i = 0, 1, ..., m− 1, we define
z˜′i :M
′
0 −→ C (19)
: (L,∇) 7−→ z˜i(L,∇) :=
∑
β
(β ∩Di)nβZβ(L,∇) (20)
where the summation runs over β ∈ Heff2 (X
′, L;Z).
Remarks 2.32. These complex valued functions zˆ′i are not global holomorphic func-
tions onM′0 with respect to its semi-flat complex structure. However the functions
zˆ′i are holomorphic when restricted inM
′
+,M
′
− ⊂M
′
0 where
M′+ ≃ (µ
′
G)
−1(B+)
M′− ≃ (µ
′
G)
−1(B−).
Before expressing zˆ′i in terms of the semi-flat complex coordinates Zβ, we are
not able to determine whether they are holomorphic on M0 yet. Using the re-
sult of the intersection number in Proposition 2.30 and result on computation of
the open Gromov-Witten invariants in Proposition 2.27, we are ready to compute
the functions z˜′0(L,∇), ..., z˜
′
m−1(L,∇) explicitly in terms of the semi-flat complex
coordinates Zβ as follows:
Theorem 2.33. Let z˜′i : M
′
0 −→ C for i = 0, ..., m − 1 as defined above and
L = (µ′G)
−1(b1, b2) ⊂ X
′. Then we have
1. for b2 < |ǫ|
2 and i = 1, ..., m− 1,
z˜′i(L,∇) = Zβi(L,∇), (21)
z˜′0(L,∇) = Zβ0(L,∇); (22)
31
2. for b2 > |ǫ|
2 and i = 1, ..., m− 1,
z˜′i(L,∇) = Zβi(L,∇), (23)
z˜′0(L,∇) =
m−1∑
i=0
(1− δi)Zβi(L,∇). (24)
where
δi :=
∑
α>0
nβi+αexp(−
∫
α
ω) (25)
which sums over α ∈ H2(X
′;Z) that can be represented by non-trivial rational
curves of Chern number zero.
Proof. According to the computation of the open Gromov-Witten in Proposition
2.27 and the intersection number in Proposition 2.30. We compute z˜′i(L,∇) for
i = 0, 1, ..., m− 1 as defined in (19).
To prove part (1), we compute that
z˜′i(L,∇) =
∑
β
(β ∩Di)nβZβ(L,∇)
= (β0 ∩Di)nβ0Zβ0(L,∇) +
m−1∑
j=1
(β ′j ∩Di)nβ′jZβ′j(L,∇)
= Zβ′i(L,∇)
(26)
for i = 1, ..., m− 1. And we have
z˜′0(L,∇) =
∑
β
(β ∩D0)nβZβ(L,∇)
= (β0 ∩D0)nβ0Zβ0(L,∇) +
m−1∑
j=1
(β ′j ∩D0)nβ′jZβ′j(L,∇)
= Zβ0(L,∇)
(27)
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This completes the proof of part (1).
To prove part (2), we compute that
z˜′i(L,∇) =
∑
β
(β ∩Di)nβZβ(L,∇)
= (β0 ∩Di)nβ0Zβ0(L,∇) +
m−1∑
j=1
(βj ∩Di)nβjZβj (L,∇)
+
m−1∑
j=1
(β ′j ∩Di)nβ′jZβ′j(L,∇) +
m−1∑
j=0
∑
α
((βj + α) ∩Di)nβj+αZβj+α(L,∇)
= Zβ′i(L,∇)
(28)
for i = 1, ..., m− 1. And we have
z˜′0(L,∇) =
∑
β
(β ∩D0)nβZβ(L,∇)
= (β0 ∩D0)nβ0Zβ0(L,∇) +
m−1∑
j=1
(βj ∩D0)nβjZβj(L,∇)
+
m−1∑
j=1
(β ′j ∩D0)nβ′jZβ′j(L,∇) +
m−1∑
j=0
∑
α
((βj + α) ∩D0)nβj+αZβj+α(L,∇)
= (1 + δ0)Zβ0(L,∇) +
m−1∑
j=1
(1 + δi)Zβi(L,∇)
=
m−1∑
i=0
(1 + δi)Zβi(L,∇)
(29)
Thus the proof is completed.
The above computation verifies the remark made in Remarks 2.32. When we
are restricted to the disjoint union of subspaces M+ ⊔ M− ⊂ M0, we obtain
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immediately that
z˜
(K)
0 , ..., z˜
(K)
m−1 ∈ O(M+ ⊔M−).
The construction of mirror is not done yet. In order to construct the mirror, our
aim is get rid of the dependence of K on
z˜
(K)
0 , ..., z˜
(K)
m−1 :M
(K)
0 −→ C
to obtain
z˜0, ..., z˜m−1 :M0 −→ C
which will be studied in the next section.
2.5 Geometric realization
In this chapter, our aim is to associate the semi-flat mirror moduli to an algebraic
variety over C.
The main difficulty for SYZ proposal to work is that the semi-flat mirror
M0 ≃
TB0
Λ0
does not behave as good as we desire. Since the natural semi-flat complex structure
on M0 cannot be extended further to any partial compactification as the mon-
odromy of the complex structure around the discriminant locus Γ is non-trivial. To
obtain the correct and partially compactified mirror X∨, we modify the complex
structure onM0 by quantum correction involving instantons.
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In the language of algebraic geometry, instead of studying the complex geometry
of the mirror moduliM0, we study the coordinate ring O(M0). The main argument
is to construct a subring of holomorphic functions onM+ ⊔M−, that is,
R
ϕ
⊂ O(M+ ⊔M−).
This immediately give us the geometric realization of the mirror moduliM+ ⊔M−
to be the mapped into the variety X∨, a partial compactification of SpecR, via the
pullback of the ring homomorphism ϕ, that is,
M+ ⊔M−
ϕ∗
−→ SpecR ⊂ X∨.
Then for any toric Calabi-Yau manifolds X , the corresponding mirror variety X∨
constructed according to the above construction is called the SYZ mirror with
quantum correction which is the mirror we desired that matches the prediction
given in the physics literature.
To begin with, we modify the functions z˜
(K)
0 , ..., z˜
(K)
m−1 by a change of coordinates.
In order to construct the mirror variety, the functions z˜
(K)
0 , ..., z˜
(K)
m−1 are as not
suitable as we desire. We define some functions zˆ
(K)
0 , ..., zˆ
(K)
m−1 and relate them to
z˜
(K)
0 , ..., z˜
(K)
m−1 as follows:
Proposition 2.34. Let K ∈ R be fixed we define zˆ
(K)
0 , ..., zˆ
(K)
m−1 :M
(K)
0 −→ C by
zˆ
(K)
0 (L,∇) = z˜
(K)
0 (L,∇) (30)
zˆ
(K)
i (L,∇) =
Zβi(L,∇)
Zβ0(L,∇)
(31)
for any i = 1, ..., m− 1 and (L,∇) ∈M0. Then we have
zˆ
(K)
i (L,∇) = Ciz˜
(K)
i (L,∇) , ∀i = 0, ..., m− 1
35
for any i = 1, ..., m − 1 and (L,∇) ∈ M0 where the Ci’s are constants such that
C0 = 1 and Ci = exp(
∫
αi
ω) for some αi ∈ H2(X
(K),Z) and for i = 1, ..., m− 1.
Proof. Let K ∈ R be fixed, Σ(1)′ = {v0, v1, ..., vm−1, v
′
1, ..., v
′
m−1} and (LG,∇) ∈
M′0.
To suppress our notation, we assume that Z is the coefficient ring of all the
homology groups. We identify H2(X
′, LG) with Z
m×Zm−1 by identifying the basis
{β0, β1, ..., βm−1, β
′
1, ..., β
′
m−1} with {e0, e1, ..., em−1, e
′
1, ..., e
′
m−1}. Similarly we can
therefore identify H1(LG) with N = Z
n by identifying the basis {∂β0, ..., ∂βn−1}
with {v0, ..., vn−1}.
Consider, for i = 1, ..., m− 1, we compute that β ′(e′i − ei + e0) = v
′
i − vi + v0 =
0. Geometrically, it means that αi := β
′
i − βi + β0 ∈ Ker(∂) = H2(X
′) has no
boundary since ∂αi := ∂β
′
i − ∂βi + ∂β0 = 0 for each i = 1, ..., m− 1. Let us define
Ci := exp(−
∫
αi
ω) 6= 0 for i = 1, ..., m− 1, we compute that
z˜′i(LG,∇) , Zβ′i(LG,∇) = exp(−
∫
αi+βi−β0
ω)Hol∇(∂βi − ∂β0)
= exp(−
∫
αi
ω)
exp(−
∫
βi
ω)Hol∇(∂βi)
exp(−
∫
β0
ω)Hol∇(∂β0)
= Cizˆ
′
i(LG,∇)
(32)
Notice that Ci := exp(
∫
αi
ω) for i = 1, ..., m − 1 is independent of the choice of
(LG,∇) ∈M
′
0. Equivalently, Ci :M
′
0 −→ C can be considered as a constant map.
For i = 0 in particularly, we have zˆ′0(LG,∇) = z˜
′
0(LG,∇) = C0z˜
′
0(LG,∇) since
C0 := 1 according to definition. Thus the proof is completed.
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The aim of this section is to construct a subring of function inO(M′+⊔M
′
−). Re-
call that the natural complex structure onM′0 is given by the functions Zβ(L,∇) =
exp(−
∫
β
ω)Hol∇(∂β) for β ∈ H
eff
2 (X
′, L;Z). Before constructing the subring, we
give a representation of the ring O(M′+ ⊔M
′
−) as follows:
Proposition 2.35. Let M′0 be the toric modified mirror moduli of X∆ with the
natural complex structure attached to it. Then we have the ring isomorphism:
C[z±0 , ..., z
±
n−1]× C[z
±
0 , ..., z
±
n−1]
g
−→ O(M′+ ⊔M
′
−) given by (33)
(zi, zj)
g+×g−
7−→ (Zβi|M′+ , Zβj |M′−). (34)
Proof. Notice that the ring O(M′+ ⊔M
′
−) is nothing but a Cartesian product of
rings O(M′+)×O(M
′
−). To prove that the Cartesian product of maps g = g+× g−
is an isomorphism is equivalent to prove that g+ and g− are both isomorphisms.
Without loss of generality, we just show that g+ is both injective and surjective.
To show that the map is injective, we assume that there is a polynomial P ∈
C[z±0 , ..., z
±
n−1] such the g+(P ) = 0. We want to claim that P vanishes. We now have
g+(P )(L,∇) = 0 for any (L,∇) ∈ M
′
+. In particularly, suppose we fix L, we have
g+(P )(L,∇) = 0 for any flat U(1) connection over L. In other words, P vanishes on
the distinguished boundary of some polydisc in Cn. By Cauchy’s integral formula
in several complex variables, P vanishes.
We now show that the map g+ is surjective. Firstly, we let {v
∗
0, ..., v
∗
n−1} ∈ M
be the dual basis of {v0, ..., vn−1} ∈ N . We have ∂βj =
∑n−1
i=0 < v
∗
i , vj > ∂βi and
βj =
∑n−1
i=0 < v
∗
i , vj > βi + αj, ∃αj ∈ H2(X ;Z) since vj =
∑n−1
i=0 < v
∗
i , vj > vi for
j = n, ..., m − n. Let Q1, ..., Qm−n be the Ka¨hler parameters which are defined by
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Qj := exp(−
∫
αj+n−1ωX)
for j = 1, ..., m− n. We compute that
Zβj = exp(−
∫
∑n−1
i=0 <v
∗
i ,vj>βi+αj
ω)Hol∇(
n−1∑
i=0
< v∗i , vj > ∂βi) (35)
= exp(−
∫
αj
ω)
n−1∏
i=0
[exp(−
∫
βi
ω)Hol∇(∂βi)]
<v∗i ,vj> = Qj
n−1∏
i=0
Z
<v∗i ,vj>
βi
(36)
Immediately, we have that the map g+ is surjective since we can check that
g+(qj
∏n−1
i=0 z
<v∗i ,vj>
i ) = Qj
∏n−1
i=1 Z
<v∗i ,vj>
βi
= Zβj for any j = n, ..., m− 1.
Overall, we have showed that the map g+ is both injective and surjective. In
other words, we obtained the isomorphism g+ between the rings C[z
±
0 , ..., z
±
n−1] and
O(M′+). By the exact same argument, we can also show that g− is also an isomor-
phism. Hence we obtain the result that g = g+ × g− is an isomorphism. And thus
the proof is completed.
With the modified coordinates zˆ′i and ring representation of O(M
′
+ ⊔M
′
−) at
hand, we are ready to construct the subring of function as follows:
Proposition 2.36. Let zˆ′0, ..., zˆ
′
m−1 :M
′
0 −→ C be functions as defined in Proposi-
tion 2.34. Then, when the functions are restricted to M′+ ⊔M
′
− ⊂M
′
0, we have
zˆ′0, ..., zˆ
′
m−1 ∈ O(M
′
+ ⊔M
′
−).
Moreover, there is a representation of the subring R in O(M′+ ⊔M
′
−) which is
defined to be finitely generated by {zˆ′0, ..., zˆ
′
m−1}, that is,
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R ≃ C[z±0 , ..., z
±
n−1]×f C[z
±
0 , ..., z
±
n−1] ≃
C[u±, v±, z±1 , ..., z
±
n−1]
< uv = W >
where the localization f = (f1, f2) is given by
f1 : C[z
±
0 , ..., z
±
n−1] −→ C[z
±
0 , ..., z
±
n−1]
z0 7−→ z0
...
zn−1 7−→ zn−1
and
f2 : C[z
±
0 , ..., z
±
n−1] −→ C[z
±
0 , ..., z
±
n−1]
z0 7−→ z0W (
z1
z0
, ...,
zn−1
z0
)
z1 7−→ z1W (
z1
z0
, ...,
zn−1
z0
)
...
zn−1 7−→ zn−1W (
z1
z0
, ...,
zn−1
z0
).
for some W ∈ C[z±1 , ..., z
±
n−1], such that,
W ≃ (1 + δ0) +
n−1∑
i=1
(1 + δi)zi +
m−1∑
i=n
Qi−n+1(1 + δi)
n−1∏
j=1
z
<v∗i ,vj>
j
where the δi’s are the disc generating function as defined in (25).
Remarks 2.37. The previous theorem requires localization of rings. To recall the
localization of rings, suppose A,B,C are rings and
f1 : A −→ C ; f2 : B −→ C
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are ring homomorphisms. Denote f = (f1, f2). We have
A×f B , {(a, b) ∈ A× B | f1(a) = f2(b) ∈ C}
Proof. According to Theorem 2.33 and Proposition 2.34, we have
zˆ′0(L,∇) =


Zβ0(L,∇), for (L,∇) ∈M
′
−,∑m−1
i=0 (1− δi)Zβi(L,∇)for (L,∇) ∈M
′
+
(37)
zˆ′j(L,∇) =
Zβj(L,∇)
Zβ0(L,∇)
,for any (L,∇) ∈ and j = 1, ..., m− 1 (38)
which are all expressed in terms of the semi-flat coordinates Zβ(L,∇) when re-
stricted to the subspace M′+ ⊔ M
′
−. Hence the first part is proved, that is,
zˆ′0, ..., zˆ
′
m−1 ∈ O(M
′
+ ⊔M
′
−).
For the proof of the second part of the theorem, that is to show that
R ≃ C[z±0 , ..., z
±
n−1]×f C[z
±
0 , ..., z
±
n−1] ≃
C[u±, v±, z±1 , ..., z
±
n−1]
< uv =W >
,
we refer to chapter 4.6.3 of Chan-Lau-Leung[8].
We now have the geometric realization of SpecR as
SpecR = {(u, v, z1, ..., zn−1) ∈ (C
×)2 × (C×)n−1|uv = W (z1, ..., zn−1)}.
As motivated and supported by the physics literature and the SYZ construction,
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we give the following definition.
Definition 2.38. Let X∆ be a toric Calabi-Yau manifold. We define the mirror
variety X∨ of X∆ be the partial compactification of SpecR as
X∨ = {(u, v, z1, ..., zn−1) ∈ C
2 × (C×)n−1|uv =W (z1, ..., zn−1)}.
According to the ring homomorphism defined in Proposition 2.36, that is,
R
ϕ
→֒ O(M+ ⊔M−),
we have the pull-back map
M+ ⊔M−
ϕ∗
−→ SpecR ⊂ X∨.
By carefully tracing the definition of the ring homomorphism
ϕ : C[u±, v±, z±1 , ..., z
±
n−1] −→ R −→ O(M+ ⊔M−).
we can easily and directly express its pull-back map ϕ∗ explicitly as follows:
Theorem 2.39. Let M0 be the mirror moduli of X∆ and ϕ : R −→ O(M+ ⊔M−)
be the ring homomorphism as defined in Proposition 2.36. Then the pull-back map
M+ ⊔M−
ϕ∗
−→ SpecR ⊂ X∨,
is given by
(L,∇)
ϕ∗
−→ (u, v, z1, ..., zn−1)
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where
u = zˆ0(L,∇) (39)
v =
W (zˆ1(L,∇), ..., zˆn−1(L,∇))
zˆ0(L,∇)
(40)
zi = zˆi(L,∇), for i = 1, ..., n− 1. (41)
for any (L,∇) ∈M+ ⊔M−.
Remarks 2.40. According to predictions in Hori-Iqbal-Vafa [25], the mirror of a toric
Calabi-Yau manifold X∆ should be defined by the polynomial
uv = 1 +
n−1∑
i=1
zi +
m−1∑
j=n
qj
n−1∏
i=1
z
<v∗i ,vj>
i
by physical considerations. Although the prediction is made, we realize that the
equation should be modified by instantons in term of the symplectic information
of X∆. In the above SYZ construction, we have re-constructed the mirror. Notice
that the mirror we constructed via SYZ involves quantum correction using open
Gromov-Witten invariants. Thus the correct mirror variety modifying the mirror
predicted by the physicists should be defined by the following polynomial:
uv = (1 + δ0) +
n−1∑
i=1
(1 + δi)zi +
m−1∑
j=n
(1 + δj)Qj−n+1
n−1∏
i=1
z
<v∗i ,vj>
i .
Thus the construction of SYZ mirror variety for toric Calabi-Yau manifolds is
completed. Next, we move on and study SYZ transformation for Dirichlet branes.
42
Chapter 3
Naive SYZ transform for D-branes
In this chapter, we perform SYZ transform to certain class of special Lagrangians
and turns out that the SYZ mirror brane recovers physicists’ prediction for such
class of A-branes. According to the philosophy of the SYZ programme that mir-
ror symmetry is nothing but T-duality, there is a natural mirror construction for
Lagrangians obtained via the conormal bundle construction as studied in [6, 29].
Thus we are ready to perform the SYZ mirror brane construction to certain class of
special Lagrangians which is well studied among physicists as in [2, 28]. Moreover,
the SYZ mirror subvariety we have constructed agrees with the prediction given by
Aganagic and Vafa in [2, Section 3.1]
To begin with, we start by introducing the idea behind the SYZ mirror brane
construction that is well described in [6, 29].
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3.1 T-duality for D-branes
In this section, we define the SYZ transformation for A-branes. Our goal is to re-
cover physicists prediction using SYZ transformation. Motivated by the SYZ trans-
formation for Lagrangian fibers and Lagrangian chapters in Leung Yau Zaslow[29],
a generalised version of such transform is studied in Chan[6]. Given some A-brane
(L,∇), the SYZ transformation provide an explicit construction for the B-brane
(L∨,∇∨), that is,
(L,∇)
FSY Z
7−→ (L∨,∇∨).
The SYZ transformation FSY Z that we are going to construct have important con-
sequences in homological mirror symmetry. The SYZ transformation FSY Z induces
an isomorphism between the objects of the triangulated categories:
FSY Z : DbFuk(X)
≃
−→ DbCoh(X∨)
for some mirror pair (X,X∨) which was verified in Chan[6].
To begin with, we consider an n-dimensional integral affine manifold B which
transition maps are given by elements in Aff(Zn) := GL(Z, n)×Zn. Let {x1, ..., xn}
be local affine coordinates of B and Λ ⊂ TB be the lattice sub-bundle generated
by { ∂
∂x1
, ..., ∂
∂xn
}. On the cotangent bundle T ∗B, we consider the lattice sub-bundle
Λ∨ ⊂ T ∗B generated by {dx1, ..., dxn}. Based on the SYZ program, we consider
the following pair of manifolds together with their fibrations on B:
X :=
T ∗B
Λ∨
µ
−→ B (42)
X∨ :=
TB
Λ
µ∨
−→ B (43)
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Notice that X has a natural symplectic structure attached to its affine structure
on the base B.
Definition 3.1. Let X be defined as (42). Let (x1, ..., xn, ξ1, ..., ξn) be local coordi-
nates on T ∗B denotes the cotangent vector
∑
j ξjdxj at the point (x1, ..., xn) ∈ B.
We define the canonical symplectic form on X by
ω :=
∑
j
dxj ∧ dξj.
On the other hand, X∨ has a natural complex structure attached to its affine
structure on the base B.
Definition 3.2. Let X∨ be defined as (43). Let (x1, ..., xn, y1, ..., yn) be local co-
ordinates on TB denotes the tangent vector
∑
j yj
∂
∂xj
at the point (x1, ..., xn) ∈ B.
We define the canonical complex coordinates on X∨ by
zi := exp(2π(xj + iyj)) for j = 1, ..., n
According to the construction in Chan[6] and for the sake of the geometric case
which we will consider in later sections, we restrict ourselves to some specific class
of Lagrangians L ⊂ X of the following form:
L = {(x1, ..., xn, ξ1, ..., ξn) ∈ X|(x1, ..., xk) =∈ R
k; (44)
(xk+1, ..., xn) = (ck+1, ..., cn); (45)
(ξ1, ..., ξk) = (ξ1(x1, ..., xk), ..., ξk(x1, ..., xk)); (46)
(ξk+1, ..., ξn) ∈ R
n−k} (47)
where 0 ≤ k ≤ n, ck+1, ..., cn ∈ R be constants and ξ1(x1, ..., xk), ..., ξk(x1, ..., xk) be
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smooth functions. Let us denote the affine subspace by I ⊂ B, defined by setting
(xk+1, ..., xn) = (ck+1, ..., cn) locally.
Moreover, we consider flat U(1) connections ∇ on such Lagrangian L, that is,
∇ = d+ 2πi(
k∑
j=1
ajdxj +
n∑
l=k+1
bldξl) (48)
where aj = aj(x1, ..., xk), j = 1, ..., k are smooth functions and bl ∈ R, l = k+1, ..., n
are constants.
The following SYZ transform requires the identification of the dual mirror man-
ifold X∨ = TB
Λ
with the moduli space of connections M as Definition 2.4 in the
previous chapter.
Definition 3.3. Let the A-brane (L,∇) as defined in (44) and (48), we define the
SYZ transformation (L∨,∇∨) = FSY Z(L,∇) as follows:
L∨ := {(F,∇F ) ∈M ≃ X
∨|µ(F ) ∈ I ⊂ B; (49)
∇F twisted by ∇|F is trivial when restricted to F ∩ L}. (50)
And the connection ∇∨ on L∨ is constructed by reversing the construction process.
Namely, we let the connection to be of the form
∇∨ = d+ 2πi(
k∑
j=1
ajdxj +
n∑
l=k+1
βldyl), (51)
where aj = aj(x1, ..., xk), j = 1, ..., k as in (48) and βl = βl(x1, ..., xk), j = 1, ..., k be
some smooth functions such that ∇F∨ twisted by ∇
∨|F∨ is trivial when restricted
to F∨ = µ∨(b) intersecting with L∨, for b ∈ I ⊂ B.
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The SYZ transform has an important consequence in Homological Mirror Sym-
metry. Moreover, the following remarks reflect that our construction for FSY Z
makes sense.
Remarks 3.4. According to Chan[6, 10, 11], consider the case where
X = {(u, v, z) ∈ C× C× C×|uv = P (z)}
for some polynomial P (z) together with the fibration µ
µ : (u, v, z) 7−→ (log|z|, (|u|2 − |v|2)).
And X∨ be the corresponding SYZ mirror. It has been shown that the SYZ trans-
formation induces an equivalence between the triangulated categories, that is,
FSY Z : DbFuk(X)
≃
−→ DbCoh(X∨).
Back to the A-brane (L,∇) that we are considering as defined in (44) and (48).
Under the SYZ transformation in Definition 3.3, we can explicitly compute the
mirror brane (L∨,∇∨) as follows:
Lemma 3.5. Let X be a symplectic manifold as in (42), L be a Lagrangian as in
(44) and ∇ be a flat U(1) connection on L as in (48). Then the SYZ transformation
of the A-brane (L,∇) is given by (L∨,∇∨) = FSY Z(L,∇) which is locally given by
L∨ = {(z1, ..., zn) ∈ (C
×)n|zj = exp(2π(cj − ibj), j = k + 1, ...n}, (52)
∇∨ = d+ 2πi(
k∑
j=1
ajdxj +
k∑
j=1
ξj(x1, ..., xk)dyj) (53)
Proof. By the identification between X∨ and the moduli of connections as in Defi-
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nition 2.4,we identify the point (x1, ..., xn, y1, ..., yn) ∈ X
∨ with (F,∇) where
F := µ−1(x1, ..., xn) ⊂ X, (54)
∇ := d+ 2πi(
n∑
j=1
yjdξj). (55)
According to the Definition 3.3, we set µ(F ) ∈ I and ∇F twisted by ∇|F is trivial
when restricted to F .
Notice that µ(F ) ∈ I is equivalent to set (xk+1, ..., xn) = (ck+1, ..., cn) where
there is no condition imposed on (x1, ..., xk) ∈ R
k.
Moreover, by setting ∇F twisted by ∇|F is trivial when restricted to F is equiv-
alent to the condition that
d = ∇F − (∇|F − d) (56)
= d+ 2πi(
n∑
l=k+1
yldξl))− (
n∑
l=k+1
bldξl) (57)
= d+ 2πi(
n∑
l=k+1
(yl − bl)dξl). (58)
This condition is equivalent to set (yk+1, ..., yn) = (bk+1, ..., bn) with no condition
imposed on (y1, ..., yk) ∈ R
k.
Overall, we obtain that
L∨ = {(z1, ..., zn) ∈ (C
×)n|zj = exp(2π(cj − ibj), j = k + 1, ...n}.
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On the other hand, we apply similar argument to construct
∇∨ = d+ 2πi(
k∑
j=1
ajdxj +
k∑
j=1
ξj(x1, ..., xk)dyj).
The condition that ∇∨F∨ twisted by ∇
∨|F∨ is trivial when restricted to F
∨ is equiv-
alent to the condition that βl(x1, ..., xk) = ξl(x1, ..., xk) for l = k+1, ..., n. Thus we
have
∇∨ = d+ 2πi(
k∑
j=1
ajdxj +
k∑
j=1
ξj(x1, ..., xk)dyj)
as desired. Hence the proof is completed.
With the explicit expression of L,∇, L∨,∇∨ at hand, we immediately obtain
some exchange of information between symplectic geometric properties of the A-
brane (L,∇) and complex geometric properties of the B-brane (L∨,∇∨).
Proposition 3.6. Let the A-brane and B-brane be (L,∇), (L∨,∇∨) as in the above
Lemma 3.5. Then L be a Lagrangian is equivalent to the condition that
∂ξj
∂xl
=
∂ξl
∂xj
for all j, l = 1, ..., k and ∇ is a flat U(1) connection is equivalent to the condition
that
∂aj
∂xl
=
∂al
∂xj
for all j, l = 1, ..., k. Moreover, the (0, 2) part F (0,2) of the curvature 2-form F of
∇∨ is trivial which defines a holomorphic line bundle over L∨.
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Proof. The proof of the statement can be found in Proposition 2.1, 2.2 and 2.3 of
Chan[6].
Remarks 3.7. Notice that the SYZ transformation in Definition 3.3 concerns spe-
cific classes of A-brane (L,∇). In fact, this SYZ transformation induces an SYZ
transformation of an isomorphism class of (L,∇), where L is up to Hamiltonian
isotopy and ∇ is up to gauge equivalence, to a holomorphic line bundle (L∨,∇∨).
With the SYZ transformation FSY Z constructed as above, we are ready to apply
this to explicit geometric examples which will be investigated in later sections.
3.2 Construction of Lagrangians
In this section, we introduce the class of Lagrangians L ⊂ X∆ which was studied
extensively in the literatures, such as Aganagic-Vafa[2], Lerche-Mayr-Warner[28]
and Fang-Liu[17]. These are the geometric cases which we will apply our SYZ
transformation FSY Z on in later sections.
Let us first consider Lagrangians on the most basic Ka¨hler manifold Cm. We
recall that the Ka¨hler form on Cm is given by ωCm ,
∑m−1
j=0 dzj ∧dz¯j . We also recall
that Cn has a natural fibration by
µCm : C
m −→ (R≥0)
m, by (59)
(z0, ..., zm−1) 7−→
1
2
(|z0|
2, ..., |zm−1|
2) (60)
Let l(1), ..., l(k) ∈ Zm be integer valued vectors. We construct the Lagrangian
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subspace L˜ ⊂ Cm using these vectors. These vectors are referred as ”charges” and
the coordinates |zj |
2 are viewed as ”fields” in the physics literatures [2],[34].
Definition 3.8. Let l(1), ..., l(k), l
(k+1)
⊥ , ..., l
(m)
⊥ ∈ Z
m be linearly independent and
the set {l(1), ..., l(m)}, {l
(k+1)
⊥ , ..., l
(n)
⊥ } are mutually orthogonal with respect to the
standard inner product structure. We define the (Lagrangian) subspace L˜ ⊂ Cm by
L˜ =

(z0, ..., zm−1) ∈ Cm|
∑m−1
j=0 l
(a)
j · r
2
j = c
(a), ∀a = 1, ..., k∑m−1
j=0 (l
(b)
⊥ )j · θj = φ
(b), ∀b = k + 1, ..., m

 (61)
for some constants c(1), ..., c(k), φ(k+1), ..., φ(m) ∈ R where zj = rje
iθj for j = 0, ..., m−
1.
Indeed, the subspace L˜ is Lagrangian in Cm with respect to its standard sym-
plectic form ω:
Theorem 3.9. Let L˜ ⊂ Cm as in Definition 3.8. Then L˜ is a Lagrangian. More-
over, L˜ is special if and only if
l(a) · 1 = 0 , for a = 1, ..., k
where 1 , (1, ..., 1) ∈ Zm
Proof. Let V ∈ T L˜ ⊂ TCm be a vector field given by
V =
m−1∑
j=0
(fj
∂
∂r2j
+ gj
∂
∂θj
).
Notice that L˜ is defined by equations, the coefficients fj ’s and gj’s are under the
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following constrains:
d(
m−1∑
j=0
l
(a)
j · r
2
j ) · V = 0 ; d(
m−1∑
j=0
(l
(b)
⊥ )j · θj) · V = 0
which is equivalent to the constrain that
∑m−1
j=0 l
(a)
j · fj = 0 ;
∑m−1
j=0 (l
(b)
⊥ )j · gj) = 0
for any a = 1, ..., k and b = k + 1, ..., m. In other words, we obtain that
(f0, ..., fm−1) ∈ R < l
(k+1)
⊥ , ..., l
(m)
⊥ > ; (g0, ..., gm−1) ∈ R < l
(1), ..., l(k) > .
Therefore, for any V1, V2 ∈ T L˜, we can compute that
ωCm(V1, V2) (62)
= (
m−1∑
j=0
dr2j ∧ dθj)((
m−1∑
j=0
(f
(1)
j
∂
∂r2j
+ g
(1)
j
∂
∂θj
), (
m−1∑
j=0
(f
(2)
j
∂
∂r2j
+ g
(2)
j
∂
∂θj
)) (63)
=
m−1∑
j=0
f
(1)
j · g
(2)
j +
m−1∑
j=0
f
(2)
j · g
(1)
j = 0 (64)
since {(f
(0)
1 , ..., f
(1)
m−1), ((f
(2)
0 , ..., f
(2)
m−1)} and {(g
(0)
1 , ..., g
(1)
m−1), ((g
(2)
0 , ..., g
(2)
m−1)} are mu-
tually orthogonal. Thus L˜ is a Lagrangian in Cm as desired.
We now show that L˜ is special. Let p = (R20, ..., R
2
m−1,Θ0, ...,Θm−1) ∈ L˜, and U
be a neighborhood of the origin in Rm being the coordinate system of p ∈ L˜ given
by
ϕ′ : U −→ L˜ : (t1, ..., tm) 7−→ (r
2
0, ..., r
2
m−1, θ0, ..., θm−1) (65)
θj = Θj +
k∑
s=1
tsl
(s)
j (66)
r2j = R
2
j +
m∑
s=k+1
ts(l
(s)
⊥ )j (67)
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for j = 0, ..., m− 1. Therefore we obtain the map
ϕ : U −→ L˜ −→ Cm (68)
(t1, ..., tm) 7−→ (z0(t1, ..., tm), ..., zm−1(t1, ..., tm)), by (69)
zj(t1, ..., tm) =
√√√√R2j +
m∑
s=k+1
ts(l
(s)
⊥ )jexp(i(Θj +
k∑
s=1
tsl
(s)
j )) (70)
for j = 0, ..., m− 1. We are now ready to compute Ω|L˜ by ϕ
∗(Ω):
ϕ∗(Ω) = ϕ∗(dz0 ∧ ... ∧ dzm−1) (71)
=
m−1∧
j=0
dzj(t1, ..., tm) (72)
=
m−1∧
j=0
m∑
s=1
∂zj
∂ts
dts (73)
=
∑
σ∈Sm
Sgn(σ)
m∏
s=1
∂zσ(s)
∂ts
dt1 ∧ · · · ∧ dtm (74)
=
∑
σ∈Sm
Sgn(σ)(
k∏
s=1
(l
(σ(s))
⊥ )s
zσ(s)
r2σ(s)
m∏
s=k+1
il(σ(s))s zσ(s))dt1 ∧ · · · ∧ dtm (75)
= im−kz0...zm−1
∑
σ∈Sm
Sgn(σ)
k∏
s=1
(l
(σ(s))
⊥ )s
1
r2σ(s)
m∏
s=1
il(σ(s)s )dt1 ∧ · · · ∧ dtm (76)
(77)
We observe that
m−1∏
j=0
zj = r0...rm−1e
i
∑m−1
j=0 Θjexp(i(
m∑
s=k+1
ts
m−1∑
j=0
l
(s)
j )).
Therefore we have that
Im(im−kexp(−i(
m∑
s=k+1
ts
m−1∑
j=0
l
(s)
j ))e
i
∑m−1
j=0 ΘjΩ|L˜) = 0
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Thus we conclude that L˜ is special if and only if
∑m−1
j=0 l
(s)
j = 0 for all s = 1, .., k.
Construction of Lagrangian L in toric Calabi-Yau manifolds X∆ is quite similar
to that of L˜ in Cm. In order to replicate the construction process, we briefly recall
the geometric realization of X∆ as a symplectic quotient C
m t GR.
Let Σ be a fan with m rays v0, ..., vm−1 ∈ N := R
n. We obtain a pair of dual
short exact sequences
0 −→ G
ι
−→Zm
β
−→N −→ 0; (78)
0 −→M
β∨
−→Zm∨
ι∨
−→G∨ −→ 0. (79)
And we let ∆ = {ν ∈MR : (ν, vi) ≥ −λi∀i} be a polytope in MR. We then obtain a
toric variety X∆ as in the previous chapter (...). We recall that X∆ can be viewed
as a symplectic quotient, that is,
X∆ ≃ C
m t GR
for some t ∈ GR as in (...). To be more explicit, we consider
X , X∆ ≃ C
m t GR (80)
=
µ−1Cm(t)
GR
(81)
=

(r0eiθ0, ..., rm−1eiθm−1) ∈ Cm| ι
∨(r20, ..., r
2
m−1) = t ∈ GR
(θ0, ..., θm−1) ∈ R
m


/
GR (82)
=

(r0eiθ0, ..., rm−1eiθm−1) ∈ Cm| ι
∨(r20, ..., r
2
m−1) = t ∈ GR
(θ0, ..., θm−1) ∈ G
⊥
R ⊂ R
m

 (83)
Let we consider the map ι : Zm−n ≃ G −→ Zm as a (n× (m−n)) integer valued
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matrix, that is, ι = (ιij)i=0,...,m−1;j=1,...,m−n. We obtain a representation of X∆ as
follows:
X∆ ≃

(r0eiθ0 , ..., rm−1eiθm−1) ∈ Cm|
∑m−1
i=0 ιijr
2
i = tj∑m−1
i=0 ιijθi = 0
, for j = 1, ..., k

 (84)
Notice that we construct X∆ by symplectic quotient of C
m. Roughly speaking,
we perform the similar symplectic quotient process on L˜ to obtain a Lagrangian L
in X∆.
Definition 3.10. Let L˜ ⊂ Cm and X ≃ Cm t GR as defined above. We define
L ⊂ X by
L ,
µ−1(t) ∩ L˜
GR
⊂
µ−1(t)
GR
≃ X. (85)
Observe that L depends strongly on L˜. It is natural to expect that some prop-
erties of L˜ should descend to L as follows:
Theorem 3.11. Suppose L˜ is a special Lagrangian in Cm, then L is a special
Lagrangian in X.
Proof. We recall that Cm has standard symplectic form ωCm and standard volume
form ΩCm . We also recall that X∆ together with the symplectic form ωX = ωRed is
viewed as symplectic reduction of (Cm, ωCm) . To show that L ⊂ X∆ is Lagrangian,
we let u, v ∈ TL ⊂ TX∆ with lift u˜, v˜ ∈ T L˜ ⊂ TC
m. we consider
ωX |L(u, v) = ωRed(u, v) , ωCm(u˜, v˜) = ωCm |L˜(u˜, v˜) = 0 (86)
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We recall that X∆ together with the volume form ΩX = ΩGIT is viewed as GIT
quotient of (Cm,ΩCm):
ψ : Cm ≃ SpecC[e0, ..., em−1]
β∗
−→ SpecC[N ] ≃ (C×)n
dense
⊂ X∆
where ψ : (z0, ..., zm−1) 7−→ (ζ1, ..., ζn) and ζi =
∏m−1
j=0 z
v
(i)
j
j . By definition of the
volume forms, we have
ΩCm , dz0 ∧ · · · ∧ dzm−1 , ΩX ,
dζ1
ζ1
∧ · · · ∧
dζn
ζn
.
To show that L ⊂ X∆ is special, we suppose that V1, ..., Vn ∈ TL ⊂ TX∆ with
lift V˜1, ..., V˜n ∈ T L˜ ⊂ TC
m. We consider
(ΩX |L)(V1, ..., Vn) = ΩX(V1, ..., Vn) (87)
= (ψ∗ΩX)(V˜1, ..., V˜n) (88)
=
n∧
i=1
(
d
∏m−1
j=0 z
v
(i)
j
j∏m−1
j=0 z
v
(i)
j
j
)(V˜1, ..., V˜n) (89)
=
∑
0≤i1<...<in≤(m−1)
ci1,...,in
dzi1 ∧ · · · ∧ dzin
zi1 ...zin
(V˜1, ..., V˜n) (90)
(91)
for some constants ci1,...,in ∈ R for each 0 ≤ i1 < ... < in ≤ (m − 1). Hence by
similar arguments in Theorem 3.9, we obtain that Im(in−kΩX |L) = 0 for some and
thus L ⊂ X is special.
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With this explicit geometric example of A-model and A-brane (X∆, L,∇), to-
gether with the SYZ transform FSY Z from the previous section, we are ready to
perform FSY Z on to (X∆, L,∇). It is an interesting question to ask what B-model
and B-brane (X∨∆, L
∨,∇∨) will be produced. We expect that the outcome will be
the same as what physicists has predicted [2] .
3.3 Lagrangian image
In this chapter, our goal is to compute the image of the Lagrangian L ⊂ X∆ on the
base B under the Gross fibration µG. At the end of this section, we will obtain the
result that
µG(L) =
µ∆(L)
R · u
× R≥0.
This piece of information of L is an essential part of data as we construct its SYZ
mirror L∨ in the next section.
We recall that we first start with a polytope ∆ ⊂M where there exist a vector
u ∈ M such that < u, vi >= 1 for each ray vi. This is exactly the Calabi-Yau
condition as in Lemma 2.11. We also naturally have a moment map µ∆ : X∆ −→
∆ ⊂M . Moreover, let ǫ ∈ C× be fixed, we have the Gross fibration
µG : X∆ −→ B :=
M
R · u
× R≥0 by (92)
x 7−→ ([µ∆(x)], |χ
u(x)− ǫ|2) (93)
and we denote the first and second projection of µG by µ
(1)
G and µ
(2)
G respectively.
In order to compute the image of L under the Gross fibration µG, we first
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compute µ
(1)
G (L):
Proposition 3.12. Let µG be the Gross fibration, µ∆ be the moment map and
L ⊂ X∆ be the Lagrangian as defined before. Then we have
µ
(1)
G (L) =
µ∆(L)
R · u
.
Proof. The proof basically follows exactly from the definition of µ
(1)
G . By definition
of
µ
(1)
G = Proj1 ◦ µG : X∆ −→
µ∆(L)
R · u
,
we have µ
(1)
G (x) = [µ∆(x)] for any x ∈ X∆. As a result, we obtain that
µ
(1)
G (L) = [µ∆(L)] =
µ∆(L)
R · u
as desired.
Immediately, we obtain a direct consequence of the above proposition as follows:
Corollary 3.13. With the notations as in Proposition 3.12, we have the intersection
of (µ
(1)
G )
−1([p]) and L is non-empty for each p ∈ µ∆(L) .
Notice that µG = µ
(1)
G × µ
(2)
G is just a Cartesian product of maps. To compute
µG(L), we also need some result of the image of L under the second projection of
the Gross fibration as follows:
Proposition 3.14. Let χu : X −→ C be the holomorphic function as in Proposition
2.13. Then we have
χu((µ
(1)
G )
−1([p]) ∩ L) = R≥0 · e
iΦ
for some unit direction eiΦ ∈ U(1) ⊂ C.
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Proof. We recall that the Lagrangian has a representation that
L ≃


(r0, ..., rm−1) ∈ (R≥0)
m
∑m−1
j=0 l
(a)
j · r
2
j = c
(a)
∑m−1
i=0 ιijr
2
i = tj
(θ0, ..., θm−1) ∈ R
m :
∑m−1
j=0 (l
(b)
⊥ )j · θj = φ
(b)
∑m−1
i=0 ιijθi = 0
for a = 1, ..., k; b = k + 1, ..., m; j = 1, ..., m− n


(94)
according to the definition of L = (µ−1(t)∩ L˜)/GR as in Definition 3.10. Moreover,
we can compute that
(µ
(1)
G )
−1[p] ∩ L ≃ {
−−−−−→
(rie
(iθi) ∈ L|
−−→
(r2i ) =
~λ+ β(p+ tu) ∈ (R≥0)
m∃t ∈ R}. (95)
According to the Proposition 2.13, we have
χu(z) =
m−1∏
j=0
zj = r0...rm−1exp(i(θ0 + ...+ θm−1)).
According to equation (95), we have
|χu(L)| = {
m−1∏
j=0
rj|(r0e
iθ0 , ..., rm−1e
iθm−1) ∈ L} (96)
= {
√√√√m−1∏
j=0
((λ+ β(p))j + t) ∈ R≥0|t ∈ R and ~λ+ β(p+ tu) ∈ (R≥0)
m}
(97)
Notice that there exists some t0 ∈ R such that
~λ+ β(p+ t0u) ∈ ∂(R≥0)
m.
In other words, (λ+β(p))j+ t0 vanishes for some j = 0, ..., m−1. Thus the product∏r
j=1((λ + β(p))j + t0) = 0. On the other hand, the product
∏m−1
j=0 ((λ + β(p))j +
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t0) −→ +∞ as t −→ +∞. We obtain that
|χu(L)| = R≥0.
And for any (r0e
iθ0 , ..., rm−1e
iθm−1) ∈ L, the angle vector satisfies the equation
m−1∑
j=0
(l
(b)
⊥ )j · θj = φ
(b)
for each b = k + 1, ..., m. In other words, we have
~θ = ~φ+ R < l(1), ..., l(k) >
for some constant ~φ = (φ0, ..., φm−1) ∈ R
m. We then have
1 · ~θ = 1 · ~φ = φ0 + ...+ φm−1 =: Φ
which is a constant since 1 · l(1) = ... = 1 · l(k) = 0 for special Lagrangian L ∈ X∆.
Hence, overall, we obtain that the image of L under χu is a half-line in C, that
is,
χu(L) = |χu(L)|eiΦ = R≥0 · e
iΦ.
Thus the proof is completed.
Since µ
(2)
G is nothing but |χ
u − ǫ|2, we immediately have the following conse-
quence:
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Corollary 3.15. With the notations above, we have
µ
(2)
G ((µ
(1)
G )
−1([p]) ∩ L) = R≥ξ
for some constant ξ ∈ R.
Proof. By the definition of µ
(2)
G := Proj2 ◦ µG, we have µ
(2)
G (x) = |χ
u(x) − ǫ|2 for
any x ∈ X∆. In other words, we have
µ
(2)
G : X∆
χu
−→ C
f
−→ R
where f(z) := |z − ǫ|2, that is µ
(2)
G = f ◦ χ
u. Therefore, according to the previous
proposition, we have
µ
(2)
G ((µ
(1)
G )
−1([p]) ∩ L) = f ◦ χu((µ
(1)
G )
−1([p]) ∩ L) (98)
= f(R≥0 · e
iΦ) (99)
= (inf
z
|ǫ− z|2, sup
z
|ǫ− z|2) (100)
where z runs through z ∈ R≥0 · e
iΦ ⊂ C. Let ξ = inf
z
|ǫ − z|2, the minimum
distance square between the point ǫ and the half line R≥0 · e
iΦ. And we see that
sup
z
|ǫ− z|2 = +∞. We then have
µ
(2)
G ((µ
(1)
G )
−1([p]) ∩ L) = [ξ,+∞) = R≥ξ
and thus the proof is completed.
With the images of the Lagrangian L under the fibrations µ
(1)
G and µ
(2)
G at hand,
we are finally ready to compute the image µG(L) which we desired.
61
Theorem 3.16. Let µG be the Gross fibration, µ∆ be the moment map and L ⊂ X∆
be the Lagrangian as defined before. Then the image of the Lagrangian L on the
base B under the Gross fibration µG is
µG(L) =
µ∆(L)
R · u
× R≥ξ.
Proof. To proof the equality, we divide the proof into 2 parts, which is the ”⊂” part
and the ”⊃” part.
To show the ”⊂” part, we let x ∈ L. By Proposition 3.12, we have that µ
(1)
G (x) =
[p] ∈ M
R·u
for some p ∈ µ∆(L). Notice that the point x is in the intersection
of (µ
(1)
G )
−1([p]) and L, we then have µ
(2)
G (x) = q ∈ R≥ξ according to the above
Corollary 3.15. Overall, we obtain that
µG(x) = ([p], q) ∈
µ∆(L)
R · u
× R≥ξ.
Thus we have
µG(L) ⊂
µ∆(L)
R · u
× R≥ξ.
To show the ”⊂” part, we let ([p], q) ∈ µ∆(L)
R·u
× R≥ξ. According to Corollary
3.13, we have
(µ
(1)
G )
−1([p]) ∩ L 6= φ.
And according to Corollary 3.15, we obtain that
(µ
(2)
G )
−1(q) ∩ (µ
(1)
G )
−1([p]) ∩ L 6= φ.
Immediately, we obtained that there exist a point x ∈ L such that µ
(1)
G (x) = [p] and
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µ
(2)
G (x) = q. Thus we have µG(x) = ([p], q) and
µG(L) ⊃
µ∆(L)
R · u
× R≥ξ.
Overall, we have the equality as desired.
Remarks 3.17. Notice that the constant ξ ∈ R that appears in the Lagrangian image
depends on the constant ǫ ∈ C that appears in the Gross fibration µG. To simplify
our computation in later sections, we choose ǫ ∈ C such that
Argument(ǫ) ∈ [Φ− π,Φ+ π].
With this choice of ǫ, we see that minimum distance between ǫ and R≥0 · e
iΦ is
|ǫ| and thus ξ = 0. This means that under such Gross fibration µG, the image of
Lagrangian becomes
µG(L) =
µ∆(L)
R · u
× R≥0 ⊂ B.
With the image of Lagrangian computed, we are ready to compute the mirror
brane L∨ under the SYZ program in the next section.
3.4 Semi-flat Mirror Brane
In this section, we follow the SYZ transformation procedure introduced before to
construct the semi-flat B-brane B as a subset in M0. We will first transform the
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A-brane (L,∇) in a fiberwise sense, then glue them together along the Lagrangian
image µG(L) ⊂ B to obtain the semi-flat mirror brane
B = {(LG,∇) ∈M0|
m−1∏
j=0
Zβj(LG,∇)
−l
(a)
j = ec
(a)+iφ(a) , for a = 1, ..., k}
which is the main result of this section.
Before we construct the fiberwise as mentioned, we first give an equivalence
between properties of torus connection ∇ and properties of its holonomy homomor-
phism Hol∇ as follows:
Lemma 3.18. Let T be an nR-torus and S be a kR dimensional subtorus in it. Sup-
pose that T and S are equipped with flat U(1) connections ∇T and ∇S respectively,
then ∇T twisted by ∇S is trivial when restricted to S if and only if Hol∇T coincide
with Hol−1∇S in Hom(π1(S), U(1)).
Proof. Since ∇T and ∇S are flat U(1) connections, we suppose that ∇T = d+ iAT
and ∇S = d+ iAS for some 1-form AT ∈ Ω
1(T,R) and AS ∈ Ω
1(S,R) respectively.
By definition, the condition that ∇T twisted by ∇S is trivial when restricted to S
is defined as ∇T|S + iAS = d on S. Equivalently, we have AT|S = −AS as a 1-form
in Ω1(S,R).
Let γ be a 1-cycle on S represented by the closed path γ(t) : [0, 1] −→ S. We
briefly recall the definition of the holonomy operator Hol∇(γ) as the evaluation of
the flat chapter s on the trivial bundle U(1)×S at base point γ(1) with initial value
s(0) fixed to be 1 ∈ U(1). Hence we can compute that Hol∇S(γ) = exp(i
∫
γ
AS),
and similarly Hol∇T(γ) = exp(i
∫
γ
AT). This explicit relationships between the
holonomy operators Hol∇S , Hol∇T and the 1 forms AS, AT give us the equivalence
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that AT|S = −AS if and only if Hol∇T = Hol
−1
∇S
since
Hol∇S(γ) = exp(i
∫
γ
AS) = exp(−i
∫
γ
AT) = Hol∇T(γ)
−1
As inspired by the above lemma, we are required to compute the fundamental
groups of the Lagrangian L and the intersection of a Gross fiber µ−1G (b) with L. We
express the intersection µ−1G (b) ∩ L in terms of an orbit of the action TB y X as
follows:
Lemma 3.19. Let (L,∇) be an A-brane and b ∈ µG(L) is in the Lagrangian image.
Then one of the followings is true.
1. L ∩ µ−1G (b) has exactly 1 connected component with
L ∩ µ−1G (b) = R < l
(1), ..., l(k) > ·x0
for some x ∈ L ∩ µ−1G (b)
2. L ∩ µ−1G (b) has exactly 2 connected components with
L ∩ µ−1G (b) = R < l
(1), ..., l(k) > ·x1 ⊔ R < l
(1), ..., l(k) > ·x2
for some x1, x2 ∈ L ∩ µ
−1
G (b) in each components.
Proof. According to the definition of the Lagrangian L in Definition 3.10, we have
L ≃

(r0, ..., rm−1, θ0, ..., θm−1)|
∑m−1
j=0 l
(a)
j · r
2
j = c
(a), ∀a = 1, ..., k∑m−1
j=0 (l
(b)
⊥ )j · θj = φ
(b), ∀b = k + 1, ..., m

 (mod G)
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Notice that the condition
∑m−1
j=0 (l
(b)
⊥ )j · θj = φ
(b), ∀b = k + 1, ..., m is equivalent to
~θ ∈ ~Θ+
⊕k
a=1R · l
(a) for some ~Θ = (Θ0, ...,Θm−1) ∈ R
m.
On the other hand, we recall that the Gross fibration is given by µG(x) =
([muδ(x)], |χ
u(x)− ǫ|2) for x ∈ X . Suppose that b = ([m], η) ∈ B = (M/Ru)×R≥0.
By expressing x ∈ X in term of (r0, ..., rm−1, θ0, ..., θm−1) coordinates, we have the
condition µ
(1)
G (x) = [µδ(x)] = [m] is equivalent to the condition ~r =
~λ + β(m+ tu)
for some t ∈ R. Also, by the computation in Proposition 2.13, we have η =
|χu(x) − ǫ|2 = |r0...rm−1 − ǫe
−iφ|2 where φ := Θ0 + · · · + Θm−1 ∈ R is a constant.
Notice that when we substitute ~r = ~λ + β(m+ tu) into η = |r0...rm−1 − ǫe
−iφ|2 we
obtain a quadratic equation in 1 variable t ∈ R. Thus t has at most 2 roots and
µ−1G (b) ≃

(r0, ..., rm−1, θ0, ..., θm−1)| ~r =
~λ+ β(m+ tu) where t ∈ R is a root
~θ ∈ Rm

 (mod G)
We can check that if ~r = ~λ + β(m + tu) for some t ∈ R then
∑m−1
j=0 l
(a)
j · r
2
j =
c(a), ∀a = 1, ..., k since m ∈ µδ(L) and < l
(a), ~λ + β(m+ tu) >=< l(a), ~λ + β(m) >
+0t = c(a). And hence we are now ready to compute the intersection between µ−1G (b)
and L as follows: For the case that t has only 1 root t0, then
µ−1G (b) ∩ L ≃

 ~r =
~λ+ β(m+ t0u)
~θ ∈ ~Θ+
⊕k
a=1R · l
(a)

 (mod G)
≃ R < l(1), ..., l(k) > ·x
for some x0 ∈ µ
−1
G (b) ∩ L where µ
−1
G (b) ∩ L has only 1 connected component. For
66
the case that t has exactly 2 roots t1, t2, then
µ−1G (b) ∩ L ≃

 ~r =
~λ+ β(m+ tiu) , for i = 1, 2.
~θ ∈ ~Θ+
⊕k
a=1 R · l
(a)

 (mod G)
≃ R < l(1), ..., l(k) > ·x1 ⊔ R < l
(1), ..., l(k) > ·x2.
for some x1, x2 ∈ µ
−1
G (b) ∩ L in different connected component of µ
−1
G (b) ∩ L where
µ−1G (b) ∩ L has exactly 2 connected components. Thus the proof is completed.
Remarks 3.20. Notice that the family of isomorphism class of flat U(1) connection on
L is one-one correspondence to the group Hom(π1(L), U(1)). By the above Lemma
and the assumption that µ∆(L) do not intersect dimension k strata of the polytope
∆, we obtain the Lagrangian L that is diffeomorphic to a k-torus. Moreover, the
generators of the fundamental group of L are just β(l(1)), ..., β(l(k)) according to the
above Lemma.
With the 2 Lemmas above, we are ready to compute the fiberwise dual of µ−1G (b)∩
L in M0:
Proposition 3.21. Let (L,∇L) be an A-brane where ∇L is an isomorphism class
of flat U(1) connection defined by Hol∇(β(l
(a))) = eiφ
(a)
∈ U(1) for each a = 1, ..., k.
Then the fiberwise SYZ dual of L ∩ µ
(1)
G (b) is given by
Bb = {(LG,∇) ∈ M0|Hol∇(β(l
(a))) = e−iφ
(a)
, for a = 1, ..., k}.
Proof. The proof is done by direct computation using the definition of SYZ trans-
form and the Lemmas above. Let LG = µ
(1)
G (b) be fixed. According to the SYZ
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construction, the fiberwise dual of L ∩ LG is given by
Bb := {(LG,∇) ∈M0|∇ twisted by ∇|L is trivial when restricted to L ∩ LG.}
By the result of the above lemma, we have
Bb = {(LG,∇) ∈M0|Hol∇ = Hol
−1
∇L
on Hom(π1(L ∩ LG), U(1))} (101)
= {(LG,∇) ∈M0|Hol∇(β(l
(a)) = Hol∇L(β(l
(a))−1 , for a = 1, ..., k} (102)
By the assumption on Hol∇L(β(l
(a)) = eiφ
(a)
, for a = 1, ..., k, we obtain that
Bb = {(LG,∇) ∈M0|Hol∇(β(l
(a)) = e−iφ
(a)
, for a = 1, ..., k}
Thus the proof is completed.
On the other hand, we now consider a Gross fiber LG = µ
−1
G (b) for some b =
([m], η) ∈ B. For each of LG we can define a moment map fiber Lδ that is Lagrangian
isotopy of LG. We now outline the construction. Recall that the Gross fiber LG is
defined by the 2 equations µδ(x) = m+ cu for some c ∈ R and |χ
u(x)− ǫ|2 = η. We
now define the Lagrangian isotopy by the following continuous family of Lagrangians
parameterized by t ∈ [0, 1]:
Lt :=

x ∈ X∆ : µ∆(x) ∈ m+ R · u|χu(x)− tǫ|2 = η

 . (103)
We observe that L1 is nothing but the Gross fiber LG, and L0 is a moment map
fiber which we denote it by L∆ := L0. Moreover, we can compute their relative H2
groups. That is, H2(X∆, LG;Z) =< β0(LG), ..., βm−1(LG) > where the βj(LG) are
defined (16) and H2(X∆, L∆;Z) =< β0(L∆), ..., βm−1(L∆) > where βj(L∆) are just
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the basic discs under the identification
0 −−−→ G
ι
−−−→ Zm
β
−−−→ N −−−→ 0y≃ y≃ y≃
0 −−−→ H2(X∆) −−−→ H2(X∆, L∆) −−−→ H1(, L∆) −−−→ 0
Lemma 3.22. With the notations above, we let LG be a Gross fiber with its corre-
sponding moment map fiber L∆. Then
∫
βj(LG)−β0(LG)
ωX =
∫
βj(L∆)−β0(L∆)
ωX
for each j = 1, ..., m− 1.
Proof. According to the definitions of β·(LG) in (16), we have to fix a b0 ∈ B+
first. Suppose that LG = µ
−1
G (b) for some b = ([m], η) ∈ B. We choose a smooth
path b(s) : [0, 1] −→ B such that b(0) = b0 and b(1) = b. According to the
above construction, for each Gross fiber µ−1G (b(s)) we have the continuous family of
Lagrangian
Lt,s :=

x ∈ X∆ : µ∆(x) ∈ π1(b(s)) + R · u|χu(x)− tǫ|2 = π1(b(s))

 . (104)
for any t, s ∈ [0, 1]. In particularly, we have L1,1 = LG for t = 1, s = 1 and L0,1 = L∆
for t = 0, s = 1. We observe that R < vj − v0 > acts on each Lagrangian Lt,s for
each j = 1, ..., m− 1 where the action is given by
φ(vj − v0) · (z0, ..., zm−1) := (e
−iφz0, z1, ..., zj−1, e
iφzj, zj+1, ..., zm−1).
The action is well-defined since we can check that χu(~z) = χu(φ(vj − v0) · ~z). We
now fix a point in LG = L1,1 and move the point along the continuous family Lt,s,
69
then we obtain the point z(t, s) ∈ Lt,s for each t, s ∈ [0, 1]. We define the map
Hj : [0, 1]× [0, 1]× S −→ X∆ (105)
by (t, s, [φ]) 7−→ φ(vj − v0) · z(t, s) (106)
Hence we can now compute that
βj(LG)− β0(LG) = βj(L0,0)− β0(L0,0) +Hj([0, 1]× {0} × S) +Hj({1} × [0, 1]× S)
βj(L∆)− β0(L∆) = βj(L0,0)− β0(L0,0) +Hj({0} × [0, 1]× S)
as an equation in H2(X∆, LG) and H2(X∆, L∆) respectively for any j = 1, ..., m−1.
With the 2 equations, we consider
∫
βj(LG)−β0(LG)
ω −
∫
βj(L∆)−β0(L∆)
ω (107)
=
∫
Hj([0,1]×{0}×S)
ω +
∫
Hj({1}×[0,1]×S)
ω −
∫
Hj({0}×[0,1]×S)
ω (108)
=
∫
∂Hj([0,1]×[0,1]×S)
ω +
∫
Hj([0,1]×{1}×S)
ω (109)
=
∫
Hj([0,1]×[0,1]×S)
dω +
∫ 1
t=0
∫ 2pi
φ=0
(Hs=1j )
∗ω (110)
=
∫ 1
t=0
∫ 2pi
φ=0
ω((Hs=1j )∗(
∂
∂t
), (Hs=1j )∗(
∂
∂φ
))dt ∧ dφ (111)
We now remain to compute the term ω((Hs=1j )∗(
∂
∂t
), (Hs=1j )∗(
∂
∂φ
)).
By definition of Hj, we have Hj(t, 1, [φ]) = φ(vj − v0) · ~z(t, 1) where
Arg(~z(t, 1)) = ((θ0 − φ), θ1, ..., θj−1, (θj − φ), θj+1, ..., θm−1) (112)
~z(t, 1)|2 = ~λ+ β∨(π1(b)) + f(t)(1, ..., 1) (113)
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for some smooth functions f(t) : [0, 1] −→ R. Thus, by chain rule, we have
(Hs=1j )∗(
∂
∂t
) =
m−1∑
j=0
∂r2j
∂t
∂
∂r2j
+
m−1∑
j=0
∂θj
∂t
∂
∂θj
= f ′(t)
m−1∑
j=0
∂
∂r2j
(114)
(Hs=1j )∗(
∂
∂φ
) =
m−1∑
j=0
∂r2j
∂φ
∂
∂r2j
+
m−1∑
j=0
∂θj
∂φ
∂
∂θj
=
∂
∂θj
−
∂
∂θ0
(115)
And hence we can compute that
ω((Hs=1j )∗(
∂
∂t
), (Hs=1j )∗(
∂
∂φ
)) = f ′(t)
m−1∑
l,j=0
δlj(δlj − δl0) = 0
Overall, combining above computations, we obtain our desired result that
∫
βj(LG)−β0(LG)
ω −
∫
βj(L∆)−β0(L∆)
ω = 0
and thus completing the proof.
In order to glue the fiberwise dual Bb together along µG(L), we first give an
equivalence statement of LG = µ
−1
G (b) being a Gross fiber at the base point b lying
in µG(L), that is:
Lemma 3.23. Let LG be a Gross fiber µ
−1
G (b) for some b = ([p], q) ∈ B. Then
p ∈ µ∆(L) if and only if
m−1∑
j=0
l
(a)
j
∫
βj(LG)
ω = c(a) , for a = 1, ..., k
Proof. Let (L,∇) be the A-brane and LG be a Gross fiber µ
−1
G (b) for some b =
([p], q) ∈ B. Using the above construction of the corresponding moment map fiber
L∆ = µ∆(ν), we have µ
(1)
G (LG) = [p] = [ν] = [µ∆(L∆)]. This gives us the equivalence
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that µ
(1)
G (LG) ∈ µ∆(L)(mod Ru) if and only if µ∆(L∆) ∈ µ∆(L). And by definition
and construction of L, we have
~λ+ β∨(µ∆(L∆)) = {y ∈ R
m| < l(a), y >= c(a) , for a = 1, ..., k} (116)
And by the theorem of Cho-Oh[13], we have
∫
βj(L∆)
ω = ~λ+β∨(ν) for j = 0, ..., m−1.
Hence we obtain the equivalence that µ∆(L∆) ∈ µ∆(L) if and only if
m−1∑
j=0
l
(a)
j
∫
βj(L∆)
ω = c(a) , for a = 1, ..., k.
Using the above lemma and the condition that l
(a)
0 + · · · l
(a)
m−1 = 0, we compute that
c(a) =
m−1∑
j=0
l
(a)
j
∫
βj(L∆)
ω =
m−1∑
j=1
l
(a)
j
∫
βj(L∆)−β0(L∆)
ω =
m−1∑
j=0
l
(a)
j
∫
βj(LG)
ω (117)
for each a = 1, ..., k. And thus the equivalence is verified.
According to the SYZ transformation, the mirror brane is given by
B :=
⋃
b∈I
Bb
where I denote the image of Lagrangian L under the Gross fibration µG, that is
I := µG(L). Finally, we compute the semi-flat mirror brane B as follows:
Theorem 3.24. Let (L,∇L) be an A-brane. Under the SYZ transformation, we
obtain the semi-flat mirror brane B0 as
B0 = {(LG,∇) ∈M0|
m−1∏
j=0
Zβj(LG,∇)
−l
(a)
j = ec
(a)+iφ(a) , for a = 1, ..., k}
72
Proof. Before we compute the mirror brane B0, we first consider the condition
µ
(1)
G (LG) ∈ µ∆(L)(mod Ru). By the previous lemma, we have that µ
(1)
G (LG) ∈
µ∆(L)(mod Ru) if and only if
e−c
(a)
= exp(−
m−1∑
j=0
l
(a)
j
∫
βj(LG)
ω) =
m−1∏
j=0
exp(−
∫
βj(LG)
ω)l
(a)
j (118)
Moreover, we observe that the 1-cycle (orbit) β(l(a)) is just
∑m−1
j=0 l
(a)
j ∂βj(LG) in
H1(LG;Z). We then compute that
Hol∇(β(l
(a))) = Hol∇(
m−1∑
j=0
l
(a)
j ∂βj(LG)) =
m−1∏
j=0
Hol∇(∂βj(LG))
l
(a)
j .
We are now ready to compute B0 according to the SYZ transformation as follows:
B0 :=

(LG,∇) ∈M0 : µ
(1)
G (LG) ∈ µ∆(L)(mod Ru)
Hol∇(β(l
(a))) = e−iφ
(a)
, for a = 1, ..., k

 (119)
=

(LG,∇) ∈M0 :
∏m−1
j=0 exp(−
∫
βj(LG)
ω)l
(a)
j = e−c
(a)
∏m−1
j=0 Hol∇(∂βj(LG))
l
(a)
j = e−iφ
(a)
, for a = 1, ..., k


(120)
=
{
(LG,∇) ∈M0 :
m−1∏
j=0
Zβj(LG,∇)
−l
(a)
j = ec
(a)+iφ(a) , for a = 1, ..., k
}
(121)
which completes the proof.
We recall that the mirror moduli M0 has a geometric realization as a complex
variety X∨, that is ϕ : M+ ⊔ M− −→ X
∨ as in the previous chapter. For an
A-brane (L,∇), we now have the semi-flat mirror brane B0 at hand. It is natural
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to look for a subvariety L∨ in X∨ that represent the geometric realization of B0 via
the map ϕ. This will be investigated in the next section.
3.5 Mirror Brane Subvariety
Let (L,∇) be an A-brane as defined in Definition 3.10 which depends on the physical
charges l(1), ..., l(k) ∈ Zm. Based on physical arguments, physicist predicts that its
mirror L∨ ⊂ X∨ is given by the equations
m−1∏
j=1
z
−l
(a)
j
j = e
c(a)+iφ(a) (122)
where zi = zi(z1, ..., zn−1) = Qi−n+1
∏n−1
j=1 z
<v∗j ,vi>
j for a = 1, ..., k and i = n, ..., m−1.
With the above preparation, we are now ready to verify this prediction via SYZ
mirror symmetry.
We first give a lemma which relates the equations given in (122) and (121) via
the map ϕ as in Theorem 3.24:
Lemma 3.25. Let ϕ : M0 −→ X
∨ be given by ϕ(L,∇) = (u, v, z1, ..., zn−1) as
defined in Theorem 2.39. Then
ϕ∗(
m−1∏
j=1
z
−l
(a)
j
j ) =
m−1∏
j=0
Zβj(L,∇)
−l
(a)
j
where zi = zi(z1, ..., zn−1) = Qi−n+1
∏n−1
j=1 z
<v∗j ,vi>
j for i = n, ..., m− 1.
Proof. According to Theorem 2.39 we have ϕ∗(zj) = zˆj(L,∇) = Zβj(L,∇)/Zβ0(L,∇).And
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for i = n, ..., r − 1, we also have
ϕ∗(zi) = Qi−n+1
n−1∏
j=1
ϕ∗(zj)
<v∗j ,vi>.
By (35), we can express Zβn, ..., Zβm−1 in terms of the Ka¨hler parametersQ1, ..., Qm−n
and Zβ0, ..., Zβn−1. Thus we have
ϕ∗(zi) = Zβi(L,∇)/Zβ0(L,∇)
for i = n, ..., m− 1.
We now compute that
ϕ∗(
m−1∏
j=1
z
−l
(a)
j
j ) =
m−1∏
j=1
ϕ∗(zj)
−l
(a)
j
=
m−1∏
j=1
(
Zβj(L,∇)
Zβ0(L,∇)
)−l
(a)
j )
= Zβ0(L,∇)
−(−l
(a)
1 −···−l
(a)
m−1)
m−1∏
j=1
Zβj(L,∇)
−l
(a)
j )
By assumption that L is a special Lagrangian. Equivalently, the charges that defines
L satisfies l
(a)
0 + · · ·+ l
(a)
m−1 = 0 for a = 1, ..., k. Immediately we obtained that
ϕ∗(
m−1∏
j=1
z
−l
(a)
j
j ) =
m−1∏
j=0
Zβj(L,∇)
−l
(a)
j
for a = 1, ..., k. Thus the proof is completed.
With this lemma, we are ready to compute the image of B0 via the map ϕ :
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M0 −→ X
∨ which represents the mirror B-brane in the mirror manifold (variety)
X∨.
Theorem 3.26. Let ϕ :M0 −→ X
∨ as defined in Theorem 2.39 and B0 ⊂ M0 be
the semi-flat mirror brane as in Theorem 3.24. Then
ϕ(B0) = {(u, v, z1, ..., zn−1) ∈ ϕ(M0) :
m−1∏
j=1
z
−l
(a)
j
j = e
c(a)+iφ(a) , for a = 1, ..., k}
where zi = zi(z1, ..., zn−1) = Qi−n+1
∏n−1
j=1 z
<v∗j ,vi>
j for i = n, ..., m− 1.
Proof. According to Theorem 3.24, we have B0 = {(L,∇) ∈M0 :
∏m−1
j=0 Zβj(L,∇)
l
(a)
j =
exp(c(a) + iφ(a)) , for a = 1, ..., k}.
We first show the ”⊂” part. Let (L,∇) ∈ B0, we have (u, v, z1, ..., zn−1) =
ϕ(L,∇), that is zj = Zβj(L,∇)/Zβ0(L,∇) for j = 1, ..., n − 1. We consider, for
a = 1, ..., k,
m−1∏
j=1
z
−l
(a)
j
j =
m−1∏
j=1
(
Zβj(L,∇)
Zβ0(L,∇)
)l
(a)
j (123)
=
m−1∏
j=0
Zβj (L,∇)
l
(a)
j (124)
= exp(c(a) + iφ(a)). (125)
Thus we have
ϕ(B0) ⊂ {(u, v, z1, ..., zn−1) ∈ ϕ(M0) :
m−1∏
j=1
z
−l
(a)
j
j = e
c(a)+iφ(a) , for a = 1, ..., k}
To show the ”⊃” part, we let (u, v, z1, ..., zn−1) = ϕ(L,∇) ∈ ϕ(M0) for some
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(L,∇) ∈M0 such that
∏m−1
j=1 z
−l
(a)
j
j = e
c(a)+iφ(a) for each a = 1, ..., k. We consider
m−1∏
j=0
Zβj(L,∇)
l
(a)
j =
m−1∏
j=1
(
Zβj(L,∇)
Zβ0(L,∇)
)l
(a)
j (126)
=
m−1∏
j=1
z
−l
(a)
j
j (127)
= exp(c(a) + iφ(a)). (128)
for a = 1, ..., k. Thus we have (L,∇) ∈ B0 and
ϕ(B0) ⊃ {(u, v, z1, ..., zn−1) ∈ ϕ(M0) :
m−1∏
j=1
z
−l
(a)
j
j = e
c(a)+iφ(a) , for a = 1, ..., k}.
Overall, we have completed the proof.
We have now completed the entire SYZ transformation procedure for such A-
branes as defined in Definition 3.10. The above theorem shows that the mirror
brane is a subvariety in X∨ which is given by the equations in (122) as we desire.
Given any A-brane (L,∇) that is defined as in Definition 3.10, we are now ready
to formulate a definition for its corresponding (naive) SYZ mirror that is exactly
defined by the defining equation of ϕ(B0) ⊂ ϕ(M0) as in Theorem 3.26.
Definition 3.27. Let (L,∇) be an A-brane as defined in Definition 3.10 which
depends on the physical charges l(1), ..., l(k) ∈ Zm. Then we define
L∨naive , {(u, v, z1, ..., zn−1) ∈ X
∨ :
m−1∏
j=1
z
−l
(a)
j
j = e
c(a)+iφ(a) , for a = 1, ..., k}
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where zi = zi(z1, ..., zn−1) = Qi−n+1
∏n−1
j=1 z
<v∗j ,vi>
j for i = n, ..., m− 1. Moreover, we
denote it as the SYZ mirror brane L∨naive of the A-brane (L,∇).
Remarks 3.28. The definition of L∨naive is motivated by the computation of ϕ(B0)
as in Theorem 3.26 which is the most natural definition for the SYZ transform. In
the sense that L∨naive and ϕ(B0), obviously, share the same defining equations in X
∨
and, more importantly, L∨naive is the minimal subvaiety in X
∨ containing ϕ(B0) as
an open subset in the classical topology. In other words, L∨naive can be viewed as
the completion of ϕ(B0) in the B-model variety X
∨.
Remarks 3.29. Notice that the mirror brane that is constructed via the SYZ trans-
formation is denoted by L∨naive instead of L
∨
SY Z . We observe that the SYZ mirror
brane we have constructed do not necessarily give the correct mirror which we will
see when we study A-branes of Aganagic-Vafa type in the next chapter. For this
reason, we will call such B-brane the naive SYZ mirror brane, and therefore we
can leave this name, the SYZ mirror brane, for the B-brane after we have correctly
modified our SYZ transformation. We will denote such B-brane subvariety by L∨naive
throughout the rest of the thesis. The main reason for the failure of the SYZ trans-
formation is due to the fact that discs counting data of the A-brane itself has not
yet been captured in the construction process which will be investigated in more
detail in later chapters.
We have completed the naive SYZ transformation of any A-brane given by phys-
ical charges as considered in [2, 28, 17]. As desired, we has explicitly constructed the
naive SYZ mirror brane mathematically and rigorously that explains the principle
behind physicists’ predictions as in [2].
Next, we are going to study an even more specific type of A-branes than what
we have studied in this chapter, namely, the Aganagic-Vafa A-branes.
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Chapter 4
SYZ transform for Aganagic-Vafa
A-branes
In this chapter, we narrow our focus to the investigation a special type of A-branes
for toric Calabi-Yau A-model of complex dimension three which was first studied
by Aganagic and Vafa. These Aganagic-Vafa A-branes has a special B-brane as
a subvariety of X∨ = {uv = W (x, y)}. The Aganagic-Vafa mirror B-brane is the
subvariety defined by the equations uv = 0, x = x0 and y = y0 where the pair
(x0, y0) is a root of the polynomial W (x, y).
According to recent study of these A-branes in Fang-Liu[17], the coordinate
y0 of the B-brane encodes open Gromov-Witten invariants of the Aganagic-Vafa
A-brane. And according to another recent development in SYZ, Chan-Cho-Lau-
Tseng[7] gave enumerative meaning of the inverse mirror map. As a result, we can
relate the coordinate x0 of the B-brane to the open Gromov-Witten invariants of
the Lagrangian fibers. With the explicit defining equations of L∨ and L∨naive at
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hand, we would naturally question whether the two subvarieties coincide or how
far do they differ from each other if they do not. We will see that the naive SYZ
transform L∨naive does not coincide with the predicted mirror brane L
∨. The main
reason lies in the fact that the naive SYZ transform L∨naive fails to capture the
information of the counting discs of the Aganagic-Vafa A-brane L. However, we
observe that L∨naive and L
∨ are similar in some sense which we will discuss in detail
later. More precisely, we observe that L∨ can be viewed as a ”further quantum
corrected” version of L∨naive. This indicates that the SYZ transformation described
in [29, 6] is not perfect yet in the sense that it cannot give the correct mirror in
the special case of Aganagic-Vafa branes. By comparing the defining equations of
L∨ and L∨naive, we are suggested to modify the naive SYZ transform using the disc
counting data of the Aganagic-Vafa A-brane. In the last part of this chapter, we
will give a natural definition for the modified SYZ mirror construction that involves
further quantum correction which, by construction, transforms every Aganagic-Vafa
A-branes to its desired mirror partner.
4.1 Aganagic-Vafa A-branes
Aganagic-Vafa A-brane is a (degenerate) type of Lagrangian in a toric Calabi-Yau
three-fold which is determined by a line which meets the dimension 1 edges of the
polytope
∆ = {ν ∈M | < ν, vi >≥ −λi, ∀i = 0, ..., m− 1}. (129)
where M ≃ R3.
Definition 4.1. L ∈ ∆ is called an Aganagic-Vafa line if
λ+ β∨(L) = {y ∈ R∨| < y, l(1) >= c, < y, l(2) >= 0} ∩∆, (130)
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for some
l(1) = −1ei0 + 1ei1 + 0ei2 ∈ R
m
l(2) = −1ei0 + 0ei1 + 1ei2 ∈ R
m
where i0, i1, i2 = 0, ..., m− 1 and c 6= 0.
Using the same notation and definition of Lagrangian L as in Definition 3.10, we
now focus on a smaller class of such L which we denote as Aganagic-Vafa A-brane
as follows:
Definition 4.2. L ⊂ X∆ is called an Aganagic-Vafa A-brane if L is a special
Lagrangian and µ∆(L) ∈ ∆ is a line that intersects a unique dimension 1 edge of
the polytope ∆(1).
With the definition of an Aganagic-Vafa line and Aganagic-Vafa brane, we for-
mulate a relationship between the 2 definitions via the moment map µ∆.
Proposition 4.3. Let L ⊂ X∆ be a Lagrangian as defined in Definition 3.10. Then
its moment map image µ∆(L) is an Aganagic-Vafa line if L is an Aganagic-Vafa
A-brane.
Proof. Let L be an Aganagic-Vafa brane. By definition, we have L is special and
µ∆ ∪ Fi0,i1 = {m0} for some unique m0 ∈ M and Fi0,i1 is a 1 dimensional ( codi-
mension 2 ) edge of the polytope as defined in Definition 2.14 for some unique
i0, i1 = 0, ..., r − 1. Then µ∆(L) can be represented by m0 + R≥ov for some unique
vector v ∈ T·M ≃ M . Notice that L is special that forces v = u. In other words,
we have
µ∆ = m0 + R≥0u ⊂M.
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Our goal is to find 2 charges l(1), l(2) ∈ Zm that defines our L which satisfies
Definition 4.1. We now set
l(1) := ei1 − ei0 ; l
(2) := ei2 − ei0
for some fixed i2 = 0, ..., m− 1 different from i0, i1. We also set c := +λi2 − λi0+ <
m0, vi2 > − < m0, vi0 >. Notice that c ∈ R has to be non-zero, otherwise µ∆(L)
intersects Fi0,i2 non-trivially at m0 that contradicts L being Agnatic-Vafa.
It suffices to prove the claim that
{y ∈ (Rm)∨ :< y, l(1) >= 0, < y, l(1) >= c, ι∨(y) = t} = ~λ+ β∨(µ∆(L)).
We first observe that the vector subspaces R < l(1), l(2) > and ι(G) has trivial
intersection in Rm. By dimension counting, we have R < l(1), l(2) > ⊕ι(G) ⊂ Rm
is codimension (m − 3) + 2 which is a line of the form p0 + Rv ⊂ (R
m)∨ for some
unique p0 ∈ ∂(R
m
≥0)
∨ and v ∈ T·(R
m)∨ ≃ (Rm)∨ such that p0 +R≥0v ⊂ (R
m
≥0)
∨. We
can directly compute that < l(1), ~λ+ β∨(m0) >= (< m0, vi1 > +λi1)− (< m0, vi0 >
+λi0) = 0 since m0 is a point in Fi0,i1 = Fi0 ∩ Fi1 . And < l
(2), ~λ + β∨(m0) >= c
since this is how we set the value c ∈ R×. Thus p0 = ~λ + β
∨(m0) by uniqueness of
the choice p0. Moreover, we can compute directly that < l
(1), β∨(u) >=< vi1 , u >
− < vi0 , u >= 0 and so as for l
(2). Then v = β∨(u) by uniqueness of the choice of v.
Overall, we have v = β∨(u) and p0 = ~λ + β
∨(m0). Thus we have proved the claim
and also the proposition.
Remarks 4.4. With out loss of generality, we assume that i0 = 0, i1 = 1 and i2 = 2
which can be achieved by simply re-ordering the indexes of the rays v0, v1, ..., vm−1 ∈
Σ∆(1). As a consequence, all Aganagic-Vafa A-branes can be viewed as special
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Lagrangian in X∆ that is determined by the charges
l(1) = −e0 + e1 = (−1, 1, 0, ..., 0) ∈ Z
m
l(2) = −e0 + e2 = (−1, 0, 1, 0..., 0) ∈ Z
m
after the re-ordering the indexes as described Definition 4.1, Definition 4.2 and
Proposition 4.3.
Remarks 4.5. From the topological point of perspective, all Aganagic-Vafa branes
are diffeomorphic to S1 × C. By tracing the long exact sequence of homology, we
obtain that
H2(L) −−−→ H2(X) −−−→ H2(X,L) −−−→ H1(L) −−−→ H1(X)y≃ y≃ y≃ y≃ y≃
0 −−−→ Zm−3 −−−→ Zm−2 −−−→ Z −−−→ 0
(131)
since the manifold X∆ we are considering is a threefold.
According to physics literature and based on physical considerations, physicists
predict that a pair of mirror branes L and L∨ exhibits surprising relationships
between the open Gromov-Witten generating function on the A-side and the Abel-
Jacobi map on the B-side. We re-formulate such surprising mirror prediction as the
conjecture below:
Conjecture 4.6. Let L = LAV in a Calabi-Yau 3-fold X = X
3
∆ be an Aganagic-
Vafa A-brane as defined in Definition 4.2. Then its corresponding mirror B-brane
is given by
L∨ =


(u, v, z1, z2) ∈ X
∨ ⊂ (C×)2 × C2 :
uv = 0
z1 = q0
z2 = z2(q0)


(132)
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where z2(q0) is the implicit function of W (q0,−) such that W (q0, z2(q0)) = 0 and
q0 ∈ C
× is the parameter of the deformation space of the subvariety L∨ in X∨.
Moreover, L is mirror to L∨ is the sense that the mirror theorem is satisfied, that
is,
F ( ~Q) =W(~q) up to the (open/close) mirror map
where ~Q = (Q0, Q1, ..., Qm−3) are the (open/close) Ka¨hler parameter and ~q =
(q0, q1, ..., qm−3) are the (open/close) complex structure parameter. And we define
F ( ~Q) and W(~q) by
F (Q0, Q1, ..., Qm−3) :=
∞∑
p=1
∑
b0,...,bm−3≥0
Nb0,...,bm−3
p2
Qpb00 · · ·Q
pbm−3
m−3 (133)
W(q0, q1, ..., qm−3) :=
∫
Γq0,q1,...,qm−3
Ωq1,...,qm−3 (134)
with Ωq1,...,qm−3 be the volume form of X
∨, Γq0,q1,...,qm−3 be some open 3-chain in
X∨ and Nb0,...,bm−3 be instanton number of the effective relative class (b0, ..., bm−3) ∈
Zm−2 ≃ H2(X,L;Z) as in (131).
This conjecture is proven mathematically in Fang-Liu[17]. With this fact, we
now turn our focus to the explicit expression of the B-brane L∨. In other word,
we want to express the coordinates z1, z2 of L
∨ solely in terms of the symplectic
information of its mirror A-side.
Theorem 4.7. Let L be a Lagrangian in a Calabi-Yau 3-fold X = X3∆ as defined in
Definition 4.2. Then its corresponding mirror B-brane is given by the coordinates:
1.
z2 = exp
(
−
∑
β∈Heff2 (X,L;Z)
nβ[∂β]Q
β
)
(135)
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2.
z1 = Q0exp
(∑
α>0
E1(α)Q
α
m−1∏
j=1
(
∑
α′>0
nβj+α′Q
α′)
∑m−1
a=1 αaι
(a)
j
)
(136)
where α, α′ runs over Heff2 (X ;Z) and Q
β := Qb00 · · ·Q
bm−3
m−3 for (b0, ..., bm−3) ≃ Z
m−2
represents β ∈ H2(X,L;Z) ≃ Z ⊕ H2(X ;Z) ≃ Z
m−2, [∂β] ∈ Z represents ∂β ∈
H1(L;Z) ≃ Z, nβ ∈ Q is the open Gromov-Witten invariant with respect to the
class β ∈ H2(X,L;Z) as defined in chapter (3.4), (3.5) of [17] and chapter (2.5)
of [7]. And Ei(α) := ((−1)
−<Di,α>−1(− < Di, α > −1)!/
∏
j 6=i < Dj , α >!) is a
rational number as defined in Section 4.3 of [17] and Section 6.3 of [7].
In other words, we obtain the explicit defining equations for the mirror B-brane
in terms of the A-side data as follows:
L∨ =


(u, v, z1, z2) ∈ X
∨ ⊂ (C×)2 × C2 :
uv = 0
z1 = Q0 · exp
(∑
αE1(α)
~Qα
∏m−1
j=1 (1 +
∑
α′ nβj+α′
~Qα
′
)
∑m−3
a=1 ι
(a)
j αa
)
z2 = exp
(
−
∑
β>0 nβ [∂β]
~Qβ
)


The proof of this theorem will be separated into 2 parts which will be presented
in the next 2 sections immediately.
4.2 Mirror prediction
As in the Mirror Conjecture 4.6, it is predicted that the open Gromov-Witten invari-
ants of the Aganagic-Vafa A-brane L in a Calabi-Yau 3-fold X3∆ can be computed
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by considering the superpotential W of its corresponding mirror B-brane L∨ in the
mirror manifold X∨.
Recently, this mirror conjecture has been proven by Fang and Liu in [17]. We
first state their result, then move on to express the equations that governs L∨. In
other words, we make use of the mirror theorem to compute the coordinates z1, z2
of L∨ as in Theorem 4.7.
Theorem 4.8. Let X and X∨ be a pair of mirror Calabi-Yau 3-folds. Suppose L be
an Aganagic-Vafa A-brane as in Definition 4.2 with mirror brane L∨ as Conjecture
4.6. Then
F0(Q0, Q1, ..., Qm−3) =W0(q0, q1, ..., qm−3) up to the (open/close) mirror map
where
F0( ~Q) :=
∑
β∈Heff2 (X,L;Z)
nβ ~Q
β (137)
W0(~q) :=W(~q)−
m−3∑
i,j=0
aijlog(qi)log(qj) (138)
such that F0 ∈ C[[ ~Q]],W0 ∈ C[[~q]] are both power series with W0 be the power
series part of the Laurent series W, and ~Qβ = Qb00 · · ·Q
bm−3
m−3 where β corresponds
to (b0, ..., bm−3) under the identification H2(X,L;Z) ≃ Z
m−2 as in (131).
Proof. The proof can be found in [17] which is the main result of the paper.
Notice that the A-model generating functions appear in the mirror conjecture
in Conjecture 4.6 and the mirror theorem above Theorem 4.8 has different defi-
86
nitions.However, we can show that F0 and F are the same via the multiple cover
formula:
Lemma 4.9. The series F0 and F , as defined in (137) and (133) respectively, are
the same in C[[Q0, Q1, ..., Qm−3]].
Proof. By the multiple cover formula and analogues to the genus 0 closed Gromov-
Witten invariants multiple cover formula, we assume the conjecture as in [30] for
genus 0 open Gromov-Witten invariants multiple cover formula, that is,
nβ =
∑
0<p|β
Nβ/p
p2
(139)
summing over integer p ∈ Z such that (β/p) ∈ Heff2 (X,L;Z) where β is an effective
relative 2-cycle in Heff2 (X,L;Z), nβ ∈ Q is the open Gromov-Witten invariants and
Nβ ∈ Z is the integral open instanton number. With this relation between nβ and
Nβ. We now show that F = F0. We first define N˜ : H
eff
2 (X,L;Q) −→ Z define by
N˜β =


Nβ, if β ∈ H
eff
2 (X,L;Z)
0, if otherwise
(140)
According to definitions of the series F0 and F in C[[Q0, Q1, ..., Qm−3]], we compute
that
F0 :=
∑
p>0
∑
β>0
Nβ
p2
~Qpβ =
∑
p>0
∑
β>0,m|β
Nβ/p
p2
~Qβ =
∑
p>0
∑
β>0
N˜β/p
p2
~Qβ
and on the other hand
F :=
∑
β>0
nβ ~Q
β =
∑
β>0
(
∑
p>0,p|β
Nβ/p
p2
) ~Qβ =
∑
β>0
∑
p>0
N˜β/p
p2
~Qβ
Thus we have F = F0 ∈ C[[Q0, Q1, ..., Qm−3]] and hence the proof is completed.
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Remarks 4.10. Assume that the (open) multiple cover formula is true for Aganagic-
Vafa branes in toric Calabi-Yau manifolds, then the above lemma implies that the
mirror prediction as in Conjecture 4.6 is true.
We observe that the Mirror Theorem 4.8 involves the mirror map. In order
to express L∨ as in Theorem 4.7, we need the explicit expression of the mirror
map. In terms of the (open/closed) Ka¨hler parameters (Q0, Q1, ..., Qm−3) and the
(open/closed) complex structure parameters (q0, q1, ..., qm−3), we define the(open/closed)
mirror map as follows:
Definition 4.11. With notations above, we define the (open/closed) mirror map
Mir :


Complex
Deformation
of (X∨, L∨)


−→


Symplectic
Deformation
of (X,L)


by Mir : (q0, q1, ..., qm−3) 7−→ (Q0, Q1, ..., Qm−3) such that
Qa = qaexp
(m−1∑
j=0
l
(a)
j Aj(q1, ..., qm−3)
)
(141)
for each a = 0, 1, 2 where Aj ∈ Q[[q1, ..., qm−3]] is a power series defined by Aj(~q) :=∑
β>0Ej(β)~q
β, ~l0 is an extra charge defined by ~e1 − ~e0 ∈ Z
m and ~l1,~l2 ∈ Z
m are
defined as in Remarks 4.4.
With this particular form of the (open/closed) mirror map Mir, we observe
that there is an equality between q0∂/∂q0 and Q0∂/∂Q0 via the push-forward map
Mir∗. This equality will eventually help us the part (1) of our main Theorem 4.7.
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Lemma 4.12. Let Mir be the mirror map as above Definition 4.11. Then
Mir∗(q0
∂
∂q0
) = Q0
∂
∂Q0
where Mir∗ is the push-forward map of Mir between the tangent bundles.
Proof. By definition of the mirror mapMir : (q0, q1, ..., qm−3) 7−→ (Q0, Q1, ..., Qm−3),
we compute the push forward of (∂/∂q0) by chain rule, that is,
Mir∗(
∂
∂q0
) =
m−3∑
j=0
∂Qj
∂q0
·
∂
∂Qj
According to (141), we have
∂Q1
∂q0
= · · · =
∂Qm−3
∂q0
= 0
since A1, ..., Am−3 are functions of (q1, ..., qm−3) and also
∂Q0
∂q0
=
∂
∂q0
(
q0exp
m−1∑
j=0
l
(0)
j Aj(q1, ..., qm−3)
)
= exp
(m−1∑
j=0
l
(0)
j Aj(q1, ..., qm−3)
)
=
Q0
q0
.
Then we have
Mir∗(q0
∂
∂q0
) = Q0
∂
∂Q0
.
Thus the proof is completed.
With above preparations, we are now ready to prove the first part of Theorem
4.7, that is, the mirror L∨ can be expressed as
L∨ =

(u, v, z1, z2) ∈ X∨ ⊂ (C×)2 × C2 : uv = 0 ; z1 = q0 ;z2 = exp(−∑β∈Heff2 (X,L;Z) nβ [∂β]Qβ
)


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Proof of Theorem 4.7 part(1). Let L and L∨ be mirror pair as defined in Conjecture
4.6. According to the Mirror Theorem 4.8, we have
F ( ~Q(~q)) =W0(~q)
where ~Q(~q) is the (open/close) mirror map form the complex structure moduli to
the Ka¨hler moduli. And by the previous Lemma 4.12, we then have
Q0
∂
∂Q0
F (Q0, Q1, ..., Qm−3) = q0
∂
∂q0
W0(q0, q1, ..., qm−3).
By expressing F (Q) and W (q), we have
Q0
∂
∂Q0
∑
β>0
∑
p>0
Nβ
p2
~Q(~q)pβ = −log z2(q0, q1, ..., qm−3).
By the multiple cover formula for open Gromov-Witten invariants, we compute that
z2(q0, q1, ..., qm−3) = exp(−Q0
∂
∂Q0
∑
β>0
nβ ~Q
β)
= exp(−Q0
∂
∂Q0
∑
β>0
nβQ
b0
0 · · ·Q
bm−3
m−3 )
= exp(−
∑
β>0
nβb0Q
b0
0 · · ·Q
bm−3
m−3 )
= exp(−
∑
β>0
nβ[∂β]Q
b0
0 · · ·Q
bm−3
m−3 )
Thus the proof is completed.
Instead of expressing the coordinate z2 of L
∨ by the implicit function z2(z1)
of the mirror curve W (z1, z2) = 0 as in Proposition 2.36. By Theorem 4.7 part
90
(1), we now have more explicit formula for z2 in terms of the (open/closed) Ka¨hler
parameters ~Q. A natural question that follows is to look for similar expression of
the coordinate z1 in terms of ~Q which will be investigated in the next section.
4.3 SYZ mirror map
The goal of this section is to present a proof of Theorem 4.7 part (2) and thus
complete the proof of the theorem. The main reasoning involves the use of the SYZ
mirror map introduced recently in [8]. The main result of that paper [7] is that
SYZ mirror map is nothing but the inverse of the mirror map Mir.
Definition 4.13. Using the notations as we defined the mirror map Mir in Defi-
nition 4.11, we define the SYZ mirror map MirSY Z :
MirSY Z :


Symplectic
Deformation
of (X,ω)


−→


Complex
Deformation
of (X∨, J∨)


by MirSY Z : (Q1, ..., Qm−3) 7−→ (q1, ..., qm−3) such that
qa = Qa
m−1∏
j=0
(1 + δj)
ι
(a)
j
for each a = 1, ..., m− 3 where (1 + δj) is the generation functions of genus 0 open
Gromov-Witten invariants of (X,L+) as defined in (25) and (ι
(a)
j )
1≤a≤m−n
0≤j≤m−1 represents
the matrix of the linear map ι : Zm−n ≃ G⇒ Zm as in (6).
Notice that the definition of the SYZ mirror map MirSY Z involves the open
Gromov-Witten invariants for SYZ fibers. The below theorem which relatesMirSY Z
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and Mir implies that the mirror map Mir, that is the series
Qa = qaexp
(m−1∑
j=0
l
(a)
j Aj(q1, ..., qm−3)
)
,
surprisingly encodes the information of the open Gromov-Witten invariants nβ for
SYZ fibers.
Theorem 4.14. Let X be a toric Calabi-Yau 3-fold. Then the SYZ mirror map
MirSY Z is inverse to the mirror map Mir locally around (Q1, ..., Qm−3) = ~0, that
is MirSY Z = (Mir)−1 on some neighborhood of (Q1, ..., Qm−3) = ~0.
Proof. The proof can be found in Cho-Chan-Lau-Tseng[7], Section 7.2 which is one
of the main results of the paper.
With the definitions of the 2 mirror maps in Definition 4.11 and 4.13, we imme-
diately obtain some relationships between the closed complex parameters q1, ..., qk
and the closed Ka¨hler parameters Q1, ..., Qk and we also obtain an equality be-
tween the open Ka¨hler parameter Q0 and the open and closed complex parameters
q0, ..., qk.
Lemma 4.15. With the notations as in the definition of the mirror map and the
SYZ mirror map in Definition 4.11 and 4.13, we have
1. qa = Qa
∏m−1
j=1
(
1 +
∑
α>0 nβj+α
~Qα)
)ι(i)j
for a = 1, ..., m− 3, and
2. Q0 = q0 · exp
(
−
∑
α>0 E1(α)q
a1
1 · · · q
am−3
m−3
)
.
Proof. To prove part (1), we let a = 1, ..., m− 3. Under the SYZ mirror map, we
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consider
qa = (Mir
SY Z(Q1, ..., Qm−3))a = Qa
m−1∏
j=0
(1 + δj)
ι
(a)
j .
According to definition of the δj’s in (25), we have δj =
∑
α>0 nβj+αexp(−
∫
α
ω). We
recall the definition of the Ka¨hler parameters Qj = exp(−
∫
αj
ω) for j = 1, ..., m− 3
where we choose the 2-cycles αj by the identification
⊕m−3
j=1 Z · αj = H2(X ;Z) ≃
Zm−3. Hence, for α = a1α1 + · · ·+ am−3αm−3 ∈ H2(X ;Z), we have exp(−
∫
α
ω) =
Qa11 · · ·Q
am−3
m−3 . Then we obtain
qa = Qa
m−1∏
j=0
(
1 +
∑
α>0
nβj+αQ
a1
1 · · ·Q
am−3
m−3
)ι(a)
j
which completes part (1).
To prove part (2), we directly follow the definition ofMir and we have
Q0 =
(
Mir(q0, q1, ..., qm−3)
)
0
= q0exp
(m−1∑
j=0
l
(a)
j Aj(q1, ..., qm−3)
)
.
We recall that Aj(q1, ..., m− 3) =
∑
α>0Ej(α)q
a1
1 · · · q
am−3
m−3 and Ej(α) ∈ Q according
to their definitions in Definition 4.11. And by definition of the extra charge l(0) ∈
Zm, we have l(0) = ~e2 − ~e1. Hence we obtain
Q0 = q0 · exp
(m−1∑
j=0
l
(0)
j
(∑
α>0
Ej(α)q
a1
1 · · · q
am−3
m−3
))
= q0 · exp
(∑
α>0
(m−1∑
j=0
l
(0)
j Ej(α)
)
qa11 · · · q
am−3
m−3
)
= q0 · exp
(∑
α>0
E1(α)q
a1
1 · · · q
am−3
m−3
)
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This lemma is important in proving part (2) of Theorem 4.7 since that involves
expressing the open complex parameter q0 in terms of the open and closed Ka¨hler
parameters Q0, Q1, ..., Qm−3. With above preparations, we are now ready to prove
it, that is
z1 = Q0exp
(m−1∑
i=1
∑
α
l
(0)
i Ei(α)Q
α
m−1∏
j=1
(
∑
α′
nβj+α′Q
α′)
∑m−1
a=1 αaι
(a)
j
)
Proof of Theorem 4.7 part(2). We first define a new quantity E0(α) := E1(α) −
E2(α) for any α ∈ H
eff
2 (X ;Z) which is analogous to the definition of the extra
charge l(0) = ei1 − ei2 . Using the above lemma, we substitute (1) into (2) to get
q0 = Q0 · exp
(∑
α>0
E1(α)q
α1
1 · · · q
αm−3
m−3
)
(142)
= Q0 · exp
(∑
α>0
E1(α)
m−3∏
a=1
(
Qa
m−1∏
j=1
(1 + δj)
ι
(a)
j
)αa)
(143)
= Q0 · exp
(∑
α>0
E1(α)
(m−3∏
a=1
Qa
)αa(m−3∏
a=1
m−1∏
j=1
(1 + δj)
ι
(a)
j
)αa)
(144)
= Q0 · exp
(∑
α>0
E1(α) ~Q
α
m−1∏
j=1
(1 + δj)
∑m−3
a=1 ι
(a)
j αa
)
(145)
= Q0 · exp
(∑
α>0
E1(α) ~Q
α
m−1∏
j=1
(1 +
∑
α>0
nβj+α
~Qα)
∑m−3
a=1 ι
(a)
j αa
)
(146)
This completes the proof of part (2) Theorem 4.7.
Together with the proof of part (1) in the previous chapter, we have completed
the proof of the theorem. Thus we obtain the expression of L∨ in term of the
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symplectic geometric information of (X,L) to be
L∨ =


(u, v, z1, z2) ∈ X
∨ ⊂ (C×)2 × C2 :
uv = 0
z1 = Q0 · exp
(∑
α>0E1(α)
~Qα
∏m−1
j=1 (1 +
∑
α>0 nβj+α
~Qα)
∑m−3
a=1 ι
(a)
j
αa
)
z2 = exp
(
−
∑
β>0 nβ[∂β]
~Qβ
)


Throughout this section and the previous chapter, we have examined L∨ and
L∨naive of a given Aganagic-Vafa A-brane L ⊂ X∆ respectively. Ideally, our best
scenario is to construct L∨naive under naive SYZ transformation which gives the
physicists’ expected mirror L∨. However, L∨naive seems to be a bit different from L
∨
by examining their defining equations. This suggests that the naive SYZ transfor-
mation needs to be modified which will be discussed in the next two sections.
4.4 Mirrors comparison
In this section, we apply our naive SYZ mirror brane construction as in Definition
3.27 of Chapter 3 to the special case of Aganagic-Vafa A-branes L ⊂ X∆. Then,
we will be ready to compare the defining equations between L∨naive and L
∨.
Theorem 4.16. Let L ∈ X∆ be an Aganagic-Vafa brane defined by the 2 charges
l(1) = (−1, 1, 0, ..., 0) and l(1) = (−1, 0, 1, 0, ..., 0) in Zm and X∨ be its mirror variety
defined by the equation uv =W (z1, z2). Then we have an explicit expression of the
mirror brane L∨naive as follows:
L∨naive =

(u, v, z1, z2) ∈ X∨ : z1 = Q0z2 = 1

 (147)
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where Q0 is the complexified open Ka¨hler parameter.
Proof. Using above notations of the Aganagic-Vafa brane (L,∇), we recall from the
previous chapter that we can explicitly express the naive SYZ mirror brane L∨naive
as follows:
L∨naive :=


(u, v, z1, z2) ∈ X
∨ :
uv =W (z1, z2)
z1 = exp(−c
(1) − iφ(1))
z2 = exp(−c
(2) − iφ(2))


(148)
where l(1), l(2) ∈ Zm are charges as given in the statement, c(1) 6= 0, c(2) = 0 ∈ R
are constants that defines the Aganagic-Vafa brane L as in Definition 3.10 and
eiφ
(1)
, eiφ
(2)
∈ U(1) are also constants that defines the flat U(1)-connection ∇ via the
identification between U(1) = Hom(π1(L), U(1)) and the moduli of isomorphism
class of flat U(1)-connections.
To show that z2 = 1, we consider the constants c
(2) and φ(2). By assumption of
Aganagic-Vafa branes, we can assume that c(2) = 0 using above notations. On the
other hand, we let µ∆(L) = m0 + R · u ∈ ∆ for some unique m0 ∈ ∂∆ as in the
proof of Proposition 4.3. We observe that
L ∩ µ∆(m0) ⊂ {(r0e
iθ0, ..., rm−1e
iθm−1) ∈ Cm : r2 = r0 = 0}
since m0 is the intersection of the moment map Lagrangian imageµ∆(L), faces F2
and F0. We also notice that R · l
(2) acts on the subset {(r0e
iθ0 , ..., rm−1e
iθm−1) ∈ Cm :
r2 = r0 = 0} trivially since l
(2) = (−1, 0, 1, 0, ..., 0) = e2−e0 which acts on the angle
coordinates r0e
iθ0 and r2e
iθ2 only. Let γ be a R · l(2) orbit, that is γ = (S · l(2)) · x
for some x ∈ L. Immediately, we obtain that γ is contractible. According to the
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definition of φ(2), we have
eiφ
(2)
= Hol∆(γ) = Hol∆(point) = 1 ∈ U(1)
since the connection ∆ is flat by assumption. Thus we have that
z2 = exp(0 + i0) = 1.
To show that z1 = Q0, we consider definition of the complexified open Ka¨hler
parameter Q0. By definition
Q0 = exp(−
∫
β0
ω) ·Hol∆(−∂β0)
where β0 is a disc class in H2(X,L;Z) which is isomorphic to H1(L;Z)⊕H2(X ;Z) =
Z < ∂β0 > ⊕Z < α1, ..., αm−3 >. By the result of [13], we can compute that
∫
β0
ω =
r21−r
2
0 = c
(1) which is a constant according the definition of the Aganagic-Vafa brane
L. On the other hand, we see from definition that exp(iφ(1)) = Hol∆(∂β0). Hence
we obtain that
z1 = exp(−c
(1) − iφ(1)) = exp(−
∫
β0
ω) ·Hol∆(−∂β0) = Q0.
Combining above computations, we obtain the defining equation of L∨ as
L∨naive :=


(u, v, z1, z2) ∈ X
∨ :
uv =W (z1, z2)
z1 = exp(−c
(1) − iφ(1)) = Q0
z2 = exp(−c
(2) − iφ(2)) = 1


. (149)
Thus the proof is completed.
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Remarks 4.17. Ideally, we would expect that the naive SYZ mirror brane L∨naive
should coincide with the mirror B-brane L∨ as predicted by physicists in the Con-
jecture 4.6 . However, the two mirror are not necessarily the same. Consider the
example X∆ = OP1(−1)⊕OP1(−1) as in [2], its mirror X
∨ is given by the equation
uv =W (z1, z2) = 1+z1+z2+q1z2z
−1
1 . We consider L ⊂ X∆ to be an Aganagic-Vafa
brane as considered in [2]. Its predicted mirror L∨ is given by
L∨ =


(u, v, z1, z2) ∈ X
∨ :
uv = 1 + z1 + z2 + q1z2z
−1
1
z1 = q0
z2 = −(1 + q0)/(1 + q1q
−1
0 )


(150)
After direct computation, the SYZ mirror L∨naive is given by
L∨naive =


(u, v, z1, z2) ∈ X
∨ :
uv = 1 + z1 + z2 + q1z2z
−1
1
z1 = Q0
z2 = 1


(151)
In this particular example Q0 = q0 is the open mirror map, so z1 coordinates of both
mirror coincide. However z2 coordinates of both mirrors are obviously different as
the open and closed complex parameter q0, q1 varies. Moreover, z1, z2 coordinates
of L∨ solves the mirror curve equation W (z1, z2) = 0, but that of L
∨
naive do not.
Remarks 4.18. Although L∨naive does not coincide with L
∨ as we have expected,
we observe that L∨naive and L
∨ are similar in the sense that they coincide up to
higher order terms of the closed Ka¨hler parameter Q1, ..., Qm−3. More precisely, we
compare that
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L∨ =


(u, v, z1, z2) ∈ X
∨ ⊂ (C×)2 × C2 :
uv = 0
z1 = Q0exp
(∑
αE1(α)Q
α
∏m−1
j=1 (
∑
α′ nβj+α′Q
α′)
∑m−1
a=1 αaι
(a)
j
)
z2 = exp
(
−
∑
β∈Heff2 (X,L;Z)
nβ [∂β]Q
β
)


=


(u, v, z1, z2) ∈ X
∨ :
uv =W (z1, z2) = 0
z1 = Q0(1 +O(Q1, ..., Qm−3))
z2 = 1 +O(Q1, ..., Qm−3)


and
L∨naive =


(u, v, z1, z2) ∈ X
∨ :
uv = W (z1, z2)
z1 = Q0
z2 = 1


(152)
We now explicitly see the differences between the defining equations for the
naive SYZ mirror brane L∨naive and the predicted mirror brane L
∨. We observe that
L∨naive and L
∨ coincide up to higher order term of the closed Ka¨hler parameters
Q1, ..., Qm−3 with coefficient involving the open Gromov-Witten invariants of the
A-brane itself. Therefore, we are now ready to introduce the modified SYZ mirror
brane construction with further quantum correction in the next section.
4.5 Further quantum correction
In this section, we modify the naive SYZ transform exactly according to the dif-
ferences between the predicted Aganagic-Vafa mirror brane L∨ and the naive SYZ
99
mirror brane L∨naive which has been investigated in the previous section. After com-
paring the two mirror branes, we now understand how the naive SYZ mirror brane
L∨naive fails to capture the information contributed by the discs counting of the A-
brane. To modify the naive SYZ transformation, we exactly introduce the missing
higher order terms that involves discs counting data of the A-brane to our naive
SYZ transformation which we will refer it as ’further quantum correction’. We are
now ready to define the SYZ transformation with further quantum correction as
follows:
Definition 4.19. Using notations as before, suppose that (L,∇) is an Aganagic-
Vafa A-brane defined by the charges ~l1 = (−1, 1, 0, ..., 0) and ~l2 = (−1, 0, 1, 0..., 0)
in Zm as defined in Definition 4.2. And we also suppose that X∆ and X
∨ be mirror
partners with X∆ being a toric Calabi-Yau threefold A-model and X
∨ being its
mirror variety B-model X∨ as described in Definition 2.38. Then we define the SYZ
transformation with further quantum correction as follows:
L∨SY Z =


(u, v, z1, z2) ∈ X
∨ ⊂ (C×)2 × C2 :
z1 = Q0exp
(∑m−1
i=1
∑
α l
(0)
i Ei(α)Q
α
∏m−1
j=1 (
∑
α′ nβj+α′Q
α′)
∑m−1
a=1 αaι
(a)
j
)
z2 = exp
(
−
∑
β∈Heff2 (X,L;Z)
nβ[∂β]Q
β
)


(153)
where Q0, Q1, ..., Qm−3 ∈ C
× are the open and closed Ka¨hler parameters, nβ is the
open Gromov-Witten invariant with respect to some relative homology class β and
~l0 := ~l2 −~l1 is an auxiliary charge vector in Z
m.
By construction, we simply see that the SYZ transformation with further quan-
tum correction give correct prediction to A-branes of Aganagic-Vafa type. Au-
tomatically, the coordinates (z1, z2) will be a root of the mirror curve equation
W . Moreover, we should expect our definition of SYZ transformation with further
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quantum correction continues to work well in other examples. The following remark
illustrates that the SYZ transformation with further quantum correction correctly
explains mirror phenomenon in the case of An-resolutions.
Remarks 4.20. In another special case, namely the case of An-resolutions, Chan
has proved that the naive SYZ transformation induces an equivalence between the
derived Fukaya category of the A-model and the derived category of the B-model as
formulated in [6, 10, 11]. One can check that the open Gromov-Witten invariants
nβ for every A-brane (L,∇) are trivial. In a rough sense, having trivial open
Gromov-Witten invariants of every A-branes implies that the SYZ transformation
for A-branes has trivial further quantum correction. In other words, the naive
SYZ transformation is suffice to explain mirror phenomenon, for example the HMS
conjecture.
Instead of verifying our SYZ transformation in few explicit examples, we should
also try to explore its behavior in general cases. However, not much is known yet.
Remarks 4.21. In general situations, it is still unknown that our definition of the
SYZ transformation with further quantum correction can give correct prediction for
mirror B-branes. In this very moment, not much is known and we only know that
the SYZ transformation with further quantum correction works well in the case of
A-branes of Aganagic-Vafa type and A-branes in A-models of An-resolution type.
How well the further quantum correction is formulated as in Definition 4.19 is still
unknown in general cases other than the special cases we have just mentioned.
Next, we are going to discuss possible direction for future development concern-
ing the SYZ transform.
101
Chapter 5
Future development
Ideally, we would expect that the modified SYZ transformation is a general proce-
dure that transforms Dirichlet branes correctly. To be more aggressive, we also ex-
pect that the modified SYZ transformation with further quantum correction should
induce a mirror functor which is an equivalence between the derived Fukaya cate-
gory DFuk(X) and the derived category DbCoh(X∨). In other words, we expect
that the geometry of the Homological Mirror Symmetry can be revealed by the SYZ
Mirror Symmetry.
To begin with, we first give an evidence that the SYZ transformation explains
the phenomenon of the homological mirror conjecture in certain situations.
Theorem 5.1 (Chan[6], Chan-Ueda[10], Chan-Ueda-Pomerleano[11]). Let
Y = {(u, v, z) ∈ C2 × C× : uv = W (z)}
with the symplectic form ω = (−i/2)(du∧ du¯+ dv ∧ dv¯+ dlog(z)∧ dlogz¯) for some
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nontrivial polynomial W (z) ∈ C[z] and Y ∨ be the SYZ mirror of Y which can be
computed to be
Yˇ = X∆ −D
for some toric Calabi-Yau X∆ and some divisor D in it. Then the (naive) SYZ
transformation FSY Z induces an equivalence of triangulated categories
DFuk0(Y ) ≃ D
bCoh0(Yˇ ).
Proof. The proof can be found in Theorem 4.1 and Corollary 4.1 of Chan [6] which
is the main result of the paper.
Our goal is to modify the naive SYZ transformation for A-branes (L,∆) in gen-
eral case other than just the case of Aganagic-Vafa. From the comparison of L∨naive
and L∨, we observe that L∨ is different to L∨naive by ’further quantum correction’
by open Gromov-Witten invariants. Analogues to the construction of the B-model
X∨ as in Chapter 2 that we need to modify the semi-flat mirror (M0, J0) to obtain
(X∨, J) by ’quantum correction’, we have to perform ’further quantum correction’
procedure on L∨naive to obtain the desired correct mirror L
∨ in general. At least,
at this moment, we see that the modified SYZ transformation works well in the
Aganagic-Vafa’s case and the An-resolution case. By comparing the explicit com-
putation of L∨naive and L
∨ in the Aganagic-Vafa’s case, we expect that the explicit
formula of the defining equations of L∨ should give some hints on how the SYZ
transformation should be modified in general.
Ideally, if such modified SYZ transformation do exist, we would expect that
this procedure will give the mirror partner L∨ for any given A-brane (L,∇) in some
mirror pair (X,X∨). We would also expect the mirror pair L and L∨ exhibits certain
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dual properties as the Mirror Conjecture 4.6 which equates the open Gromov-Witten
generating function on the A-side to the B-model superpotential up to the mirror
map.
More aggressively, we would expect the modified SYZ transformation with fur-
ther quantum correction would induce an equivalence mirror functor fromDFuk(X)
to DbCoh(X∨) for any mirror pair X and X∨. In other words, we would expect
that the homological mirror conjecture can be verified using the principle behind
the SYZ Conjecture. This expectation makes sense since certain cases has been ver-
ified as the above Chan’s Theorem 5.1. It is natural to request for such statements
that works in more general testing grounds which we would believe to be true.
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